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Zeitschrift fur Physik, 115 (1940) 707-25

(From German).

The eleot on gus of a crystal and the crystel lattice arc coupled
with cach other as regards encrgy.  Hence, cnergy can be taken up from the
“electron sas by the lattice and vice versa. Apart from the simple
collisions between electrons and the lattice, observed by BLCCH, therc are,
cspecially ot high temperatuwres, processos (multiple colllslons) in
‘which the amount ef tmnsferred cnergy is very groat. The temperature
dopendence of the ¢ffective cross section is shown. Finally it is shown
how very fast electrons inside the crystal place themselves in thormal
equilibrium with the electron ges. Calculations ars made to find the
time required to recach this equilibrium.
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When considering the forms of energy of a solid, we are accustomed

to make a sub-division into two parts: the energy of the lattice and the
energy of the electron gas,  Naturzlly these two are not independent of
each other, The conditions arc similar to the casc of moleculus, where
the energy of nuclcar oscillation, or rotqtlun, and of electrons can be
. separated from cach other. These three forms of cnergy, also, are not

without intoraction amongst cach other: the rotation, through centrifugal
force, influcnces the binding-force of the molecule, the amplitude of
nuclear oscilletion affects the moment of incrtia and finally, the electron
Jjump is o decisive factor in the binding strength of the molccule and it is
known that a (association of the molecule can be brousht about by the
cxcitation of higher electron jumpss

. In the casc of solids also it will have to bg assumed that the
eX01tht10n of nigher clectron encrgics will causc a change in the lattice
‘stability. Nevertheless, in cvory case rcsulting from the radiation of
visible and ultraviolet light of not too small wave length, it is probable
that the variction in lattice stability may be neglected: obviously there
is no strong coupling of the two forms of cnergy of solids. Tor this
reason we think that the following considerations can be regarded as )
valid, for instancc for.the excitation of the elcctron into the first band
© ebove the ground state. :

There is, morecover, an analogy here to diatomic molecules, in
the casc where for the excited and unexcitcd state the two potential
curves are ncarly identical, the minima lile one over the other, cte.
Thercfore, it is clear, from the Franck-Condon principle, that to a first
approximation no conversion of ¢loctron energy into encrgy of nuclear
oscillation can takc plucc. e conslder the corresponding assumption to
be all the more justificd since the elevation of onc or several electrons
from the lower to the upper band rcepresents an incomparably smaller
interference with the bonding siability of the solid than is the excitation
of a molecule=cloctron, since the number of the electrons constituting
the cohesion of the solid is very great. We consider ourselves entitled,
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thereforc, to rogleet the considerations of v, “IPPEL (1) =
for our purposes. Co

) . At this point we.must discuss the objections which have been raised
‘recently against the rigid application of the band model of the solid.
More especially we would refor to the works of FRENKEL (2) and SLATER

(3) vho have called the band model "sophisticated".  Thus, Slater holds
that a thoory of solids must reproduce the following three energy states,
which result from the quitc primitive conception of a solid as a
conglomcrete of single atoms or molecules: 1. Excitation of the electron
into a state in which the elcoctron posscsses a certain cnergy above the
ground state, without being free, but where this condition may be trensferred
from onc atem to any neighbouring atom (Prenkel cxcitons); 2. Complete
ionisation, the elecctron becoming freely mebile; 3. Ionisation with
immediate recombination or adaition to neighbouring atoms,

4 criticism of the band model ig that it makes no allowance for
Glstinction between thesc thres types of bchaviour. An excited electron
is practically always freely mobile and has no possibility of recombination
or adsition which can be loculised, Yo chnnot support this criticism of
the band model becruse, for cxample, the objection that the electrons in
the conduction band must alw.ys exhibit an infinitely great conductivity
disappears at once on teking into account the interaction with the
lattice. Neither do we quite sce to what extent consideration of the
Coulomb force between eloctron and ion is supposcd to give a betier
approximation, becausc this is alrcady included in a first approximation;
the periodic potential of course depends above all on the ions of the
lattice and it would be supcri’luous to take this into account a second time,

Morcover, in our vicw, the formation of solid and liquic substances,
and also of molecules, is Pre-cminently connected with the existence of
non~coulomt electron forces, viz. the chemical linkage forces which give
rise to a very intimate fusion of the individual atoms. It is not
surprising, thercfore, that these structures exhibit propertiecs widely
divergent from those of single atoms and we do not think therc is any
speeial purpose, when describing absorption in a s0lid, to refer to the
behaviour of an cleetron with respect t one of the partners in the
combination. In thosc cascs, however, where the actual chemiceal linkage
forces arc not so important, as for example in molecule lattices and pechaps
also in the volymerides studiod by SCHEIBE and his collaborators (&)
the Srenkel exciton icea can be profitably used.

Finally, atiention must also be drawn to the fact that there is no
groeund for supposing that there is any contradiction between the
experimental facts which are knswm todey and the band model explanation
with its consequentisl observation of the reaction with the latiice.

It must also be rememberc., ol course, that the character of the crystals
is by no means perfect and thet they continually exhibit the prescnce of
impurities and deviations irom the stoichiometries1ly corrcet state,

The importance of these fucts, especially the strong influence exerted by
impurities, internal stresves, loose spots, and gimilar conditions, on the
electron spectrum of the crystals, has been discussed systematically by
SMEKAL (5).  There scems to bo not the slizhtest doubt that a development
of the band model in this dircction is both neceszsary and profitable.

Even thouzh in this work we do not digress from the case of the ideal
crystal, yot we shall fregrently indicote the necessity for generalisations
of this kind, Besides this, from the theoretical point of view, we have

ossecr. - ek

*  See references at end
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devoted two special pepers to the application of the present conceptions
to actusl crystals. (6).

Ve think of the lattice as approximately hormonic, i.e. the lattice
energy moy be represented as the guadratic form of the clongations of the
atoms from their positions of rest. In these circumstances, as Frenkel
stated, and as is also the bosis for the original ideas of Debye, the
energy spectrum of a solid can be treated as an analogy to the light quanta
o8 of cavity radiation. We shall speak, therefore, of sound quanta of
a definite frequency y, the energy being h. yand the impulse

h K(%.wuvelengtﬂ\
. \ /.
The only dif'ference from cavity radiation is that a limiting frequency
exists; it is given by the quotient: speed of sound divided by the
lattice constant, and hence is of the order of 10%2, *

The sound quanta fulfil the Bose statistics and their spectral
energy distribution follows Planck's law. We shall further show that
the sound guanta, similarly to light quanta, give “reaction equations™ of
trinomizl form (7). ’

FLECTRON AERGY

According to the Kronig conception, the spectrum of electrons in a
s0lid can be rcpresented by bands, separated from each other by forbidden
zones, of which the uppermost band conteining electrons may be fully
occupied = as in insulators - or partially occupied - as in metallic
conductors. We shall only make passing references here to special cases
which may arise through the presence of deviations from the regular
structure or from foreign atoms in the lattice (8) and which lead to semi-
conductors (9) or erystal-pirosphors (10).

The eslectron energy is distributed over all the electrons in conformity
with Ferml statistics; if in one band there is only a small number of
electrons (small in relation to the number of terms of the band), the
Fermi distribution can be approxi *ed, as is known, from the Maxwell
distribution, i.e. the electron sas cun be regarded as free in the
classical sense (11)

* This distinction is not essenticl since equally
lerge freguencies can ve introduced when
considering elcctromagnet radiation. -As an
example Cfro where r is the fundeamental

wavelength,
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ABSCXULION BY % L7, 10K

It 1s @ knovm fact thot ¢ harmonic oscillator can absorb electro-
magnetic energy, if it his o digole moment different from zero
Here, the selection rules permit only the simulicneous ~bsorption of one
netural oscillation quantum per oscillator, i.c. an amount only rclatively
little above the thermal energy level, since as a general rule, at about
‘room temperature o very large number of lettice quanta hcs already been
excited, '

The optical absorption of the lattice can be observed in the long-
wave infra-rcd (5 to 15 Jend is gencially present only in the casec of ionic
crystals because it is only in this case that a brench of the oscillation
spectrun of atoms with a non-disappearing dipole moment exists. In
the interaction between the electrons and the lattice, however, it is not
only the "optical branch" of atomic oscillations which is operative, but also
the so-called "acoustic branch" which only appears in homogeneous solids, as
for exemple the diamond, For our purposes, thercfore, there is no point
in making a distinction between the acoustic and the optical branch of the
atomic oscillation spectrum and this will not be done, When there is a
reference to the spectrum of the elastic vibrations of the lattice, both
branches, so far as they cie present, will be intecnded,

In the case of non-ionic crystals, no optical absorption is observed
in the long-wrve infra-red. Further, there is no ebsorption in the short-
wave infra-rcd in the case or insulators (12).  This is in contrast to
metals where the cbsorption is caused by electrons.,

ABSQRPII0N BY TUE EIKCTRONS

The electrons in a solia body can absorb elecctromagnetic radiation.
Investigationsz of solid substances show that the creation of excited
electron states by the absorption of radistion can take place in various ways:

#ccording to the classic theory of metals, the eluctromegnetic wave
produces an acceleration of the free conduction electrons. These give up
their cxcitation energy to the lattice in the form of heat, i.,e. by collision
with the ions,

* In this paper the WworG. absorption is used in the nuclear physical
sense l.e.the transformation of radiant energy into some other form of energy
such as the kinetic energy of = particle or the potential energy of an atom
or electron. In contrast the word absorption in thermodynamics indicates
the tronsformotion of the absorbed radiant energy into all possible forms of
energy in the sense of establishing thermal equilibrium. In the present work
thermodynamic absorption would consist of a series of successive nuclear
physical procdesses. The primary process is the absorption of energy by an
electron by an mount considerably in excess of the mean thermnl energy.

This stute would then dissipn.ce its encrgy by interaction with the
enviroment.  (Second typc tollisions).
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This process in itself is perfectly represented by the Drude-Riecke
theory of metals.

According to the guantum theory, when evaluating the doubtful
process, the method must form not only a theory of disturbance for the
outer electromagnetic fields, but must simultoneously take into account
the disturbance caused by thermal fluctuation of the lattice potential,

We then obtain as a. first approximation, the terms giving rise to optical
reflection and scattering and also terms descriptive of a transition of
electron enecrgy into lattice enecrgy (which will be explained later).

As & second a_, roximation we obtain terms  representing a simultaneous
process betiecn electron energy and lattice energy. It is characteristic
of the latter process that, instead of the law of conscrvation, applicable
to the reduced propagation vector, we have the equation:

k' = & 1 g

where & is the _ro,asation vector of the initial state, &R'that of the end
state and g the impulse vector of the sound guants generated or absorbed.
The probability of such a process when a sound quantum 1s generated is
proportional to N} + 1, and when it is absorbed, proportionul to Ny,

where Nv stands for the number of sound gquanta in the frequency range
vy, wkdy. '

As a result of the changed impulse conditions, it is possible with such
a process to excite optical eloctron terms representing transitions in the
seme band, while with absorption basec on the quantum theory transitions to
different bands only can occur, if there is no participation by the lattice.

The energy token up by the electrons in this way can be and is given
up to the lattice through interaction with the lattice (first approximation
of the perturbation process). The whole process is naturally dependent upon
temperature since the N, are temperaturc depcendent. However, although the
N, disappear at the absolute zecro, the process described above certainly
does not disappear, because, owing to the spontaneous generation of sound
Cquanta (the summand 1 in N, + 1), both the sbsorption of energy by electrons
and the transmission of this to the lattice arc possible even at the absolute
ZETr0. This latter process, however, vresupposcs that the upper-most band
containing electrons is not fully occupicd, because otherwise the Paull
principle forbids absorptiors of this kind. Hence,. these transitions are
reserved. exclusively to metallic conductors, which of course are characterised
by half-filled bands. This finding also agrees with the experimental fact
that this type of absorption has never been observed in insulators,  For
metals, however, the result deviates from the classic finding of "acceleration
absorption™ ir that, according to the guantum theory, even at absolute zero
. there should still be a slight infra-red absorption. This should be much
smaller than could be assumed from what has Jjust becen said, since, according
to thée Pauli principlc, at absolute zero only an incomparably small number
of electrons cuon participate in the absorption, which may therefore be
regarded as practically zero. The reason for this is the same as that for
the disuppearance of electrical resistance at low temperatures, in spite
" of the existence of spontaneously generated sound quanta.

Essentially, morcover, the two processes of classic absorption and
electrical conductivity are the same, because the absorption process
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described here is valid for electro-magnetic fields, the oscillation of

" which may bs as slow as reguired, and hence must still hold scme meaning
even for ths limit case of a constant electrical field. Here, too, the
perturbation calculation can be carried out in exactly the same way. The
transfer of energy from the electron gas to the lattice takes place in the
same manner as befcre with identically the same mechanism. From this
considerstion there emerses directly the close relationship between the
absorption coefficicnt and conductivity asserted by classical optics.
Such a relationship is naturally no longer valid in the case of genuine
quants absorption (band to band transfer).

Attention is drewn to the fact that reflection and scattering
accoriing to the quantum theory can also be attributed to the (intennedlate)
excitation of guantum states in the higher bands. Since these ugper bands
are quite free from elcctrons, both in the case of metals and of insulators,
it can be concluded that, qualitatively at any rate, both metals and
insulators must exhibit the same behaviour with rc ard to reflection which
depends upon this process.

It is generally po.sible for othor transitions to occur, in the case
of atoms, which would not be permitted from a first approximation of the
solution of the perturbation equation. This alwsys happens when two levels,
between which the electrical transfer moment disappears, can combine with
a third level. There is no question of this possibility, however, in the
case of electron gas. For when two levels are combined with a third, each
of the propagation vectorz of these two levels must be in conformity with
the propagation vector of the third, It is clear that in that case the
propagation vectors of the two first states must also agree with each other.
Then, however, there is also the possibility of transfer between the two
first levels and this transfer already appears, in the first agproximation
of the perturbation equation as a dipole iransfer. It is only when -~ to
some extent by chance - the integral over the unit cell

. . 270V . ou
i(h - —=2= gkt ) * "k ipu av
/; c Yontk! 5z T x nk

(3 wnit vector in the direction of propagotion of radiation, n index of

refraction) disappears, in spite of the condition

&i-&igj%z-?

being fulfilled, that the dispersion theory can yieid new tronsitions at a
second approximation.

If we sturt from the band model of a solid it is possible, both for
metals and insulators, to have genuine optical absorption in the form of
an electron being elevated to a higher band, In this case we speak of
an excitation of the electron, by analogy to atomic electrons. In this
transition, the selection rules which have been discussed are applicable;
they signify the maintenance of the propagation vector. The extent of
absorption of this kind con probably be estimated approximately by
assuming the validity of the Thomas-Kuhn sum rulc and assigning the total
number of electrons capablc of absorstion to- the total absorption of the
substance in cuestion. These then distribute themselves over the total
absorbed continuum, sco that if the breadth of the spectral absorption is
kmown, the f-number per frequency interval can also be given at least
aproximately.
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UHe IRANGPOIITON OF T #NsAGY OF Tk MXCI D ELECLRON INTO
TUITICE ENERGL,

An optically, excited clectron, i.e. one elevated to a higher band
by absorption of elecctro-magnetic radiation * will possess an energy here
which is considerably greater than would correspond to equilibrium with
the lattice. Thus, in the course of time energy must be given off and
we must discuss what possibilities there are for the emission of energy
from an electron in the upper band.

a) In practice a return of the electron to the lower band, with the
emission of encrgy. The reason for this must presumably be sought in the
selection rules for clectron transition between the bands, which rcquire
agreement of the propagation vectors, not only in respect of size but
also of direction. One, exception is the so~called crystal phosphors where
as has been shown by Schon (13) and Reihl (14) the return of an electron
from the upper to the lower band by way of intermediate processes is

~possible, these processes cohsisting in the recombination of the electron
from the upper band with a discrete term of an ion and then a kind of
autolonisation of the ion in the direction of the lower band (15). In
pure crystals a return of the clectron to the lower band with emission
of encrgy would only be possible if the electron were not exposed after
absorption to any kind of perturbation, i.e. as we shall show later, at
room temperaturc only within times of the order of 10-10 to 10712 sec.

b) The intcraction with the lattice may be considered in terms of
both the clagsic and the quantun theory conception. First let us take
a look at the classic conception, as a crude but qualitatively useful
picture. As hag already been mentioned, if the number of clectrons in
the upper bund is amall compared with the number of the terms of the
upper band, the electrons can be regarded as frce, to a high degree.
The classic conception amounts to denying any consideration of the
propertics deriving from the regular construction of the lattice. In
such circunstances the motion of the electrons in the ion lattice cor-
responds entirely to that in the plasma of a gas. Let us imagine that
into such a plasma, the temperature of which amounts to about 300°
abzolutec, an clcctron with 1 volt energy is introduced. This corresponds
in practice to the case whore radiation is absorbed which exceeds in
energy the long wave limit of the fundamental latiice absorption by about
1 volt. We arc concerned with the time during which the electron reaches
thermal equilibrium with the lattice, To do this it has to give up much
of its energy. We assume that this happens essentially through elastic
impacts with the lattice. According to Cravath (16) the amount of
energy f, removed from the electron at each collision with an ion is:

g mM T v
£mma ek (g LA p = —oks
’ el

5 (mgt i) T, T ek (1)

where m, is the electron mass, Mi the mass of the ion, Tg the temperature

of the lattice, and Te the temperature of the eleotrohs. For high

1
elcetron temperature and low lattice temperature we ean put:

8 m

el
f o= =
3 llxi . (2)
o * e 11m1t_our§élvcs in whaf-}5110ws to the particularly

clear case of excitation by absorption; naturally these
considerations apply also to the casc where the electron

is cxclted by collision with a fast moving electron. They
wlll be valid for the case of crystal excitation by electron
collision and for the electrical break down of solid and
liquid insulators,

Approved For Release 2007/10/23 : CIA-RDP78-04861A000400030019-6



Approved For Release 2007/10/23 : CIA-RDP78-04861A000400030019-6

8=
5 -6

which 1s of the order of 107 to 10 . “here Tg ~ tel , I decrcases, as

a result of the roverse process (transfer of energy from the lattice to
the electrons) until finally, with equality of temperature £ = O,

Apart from the magnitude £, another factor which is decisive for the
ratc of energy surrcnder is the number of collisions Z:

Z =%, - (3)

v

where 1 is the mean frec path, v the trajectory velocity of the electron,
In our hypothetical cusc of the 1 volt cleetron, v is of the order of

107 om per scc, The uean free path depends on the velocity.of the
clectron, as can be deduccd from the works of Frohlich and Mott (17) .
This is duc to the fact that the impact number per electron per second, as
can be computedé in quite a general way from the quantum theory, is always

\ 1 : . s
of the order 10 3 and. 80, correspondingly for lower velocitics,the mean
free path must decrease, I, for example, we assume a mean free path of

.~
1077 for clectrons of o few volts in encrgy, as in metals, then for crystals
of insulators with sparsely occupicd cnergy bands, where the e¢lectrons have,
thermally the samc temperature as tho lattice, say 1/100 volt average

-8

energy, we must assume approximately the value of ‘lO.-7 to 10 7, If we

take a simple impact number 10'“ and make allowancg, according to equation
*
(2) for the fact that about 105 to 106 impacts per second are necessary

to make the energy of the elecctron agree with that of the latiice, we arrive

at times of 10-7 to 10—8 3GC. This time is longer for slower electrons
because then, owing to the sppearance of the inverse processcs according to
equation (1) the fraction of the encrgy transferrcd at each impact becomes
less,

SRS

The following comunents must be made, however, in addition to what has
been said alrcady: when a_plying the Cravath formula, we have tacitly
assumed that the lons can be regardcd as free for the process of collision ‘
with the clectrons, so that the laws of elastic impact arc therefore valid.

The equilibrium time is then the shortest obteinahle under the assumption

of elastic transfor of energy. In rcality the ions are held together by
the lattice binding forces; this linkage can be looked upon as an extension
of the effective ion mass, In the 1imit case of a completely rigid lattice,
practically no energy is absorbed from the lattice, so that an infinitely
long equilibrium time would result: In practice the value will lie between
the two extremes, the one considered by us and the one with the campletely
rigid lattice. The important factor is the binding strength of the lattice
in relation to the energy of the faust eleetron, If the cnergy of the
clectron is very great the model of the free ions will be satisfactory,
while if the energy is slijht compi:ed with the binding energy, that of the
rizid lattice will be valid. There is no need to discuss these conditions
in detail here because we have still to deal with the quantum theory
conception. .

* This hypothesis merely statecs that the "Relaxation path" that is, the
distance beyond which the electron passes to attain equilibriuwm with the
lattice is preater by the stated factor than the mean free path in

equation 3, which is only given by impulse variation, See in this
conncetion R. ROMPE and M. STEENBECK, Ergecbn. d. exakt. Naturw, XVIII. 1939,
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o) SDNEL: TMPACLS WITF U TAYIICE.  In conbrast to the olassio
theory therc are no uncuzlifiod impacts between electrons and lattice
molccules in the quantum theory, This iz an essential diffcerenco by
comparison with the classic theory, As long as the lattice components
arc at the stoichiometrically correct lattice points, there is no
interaction with the lattice. Not uptil there is heat transfer with the
lattice does the situation change, Correspondingly, the energy of
interaction between the electrons of the lattice and the structural units
of the lattice is of such o nature that it disappears directly if no
latiice waves cxist, Bloch (18) in his theory of electrical conductivity
lays down the formula

V= - (u: grad V),

where V stonds for the Coulomb potential betwecn the elecetron and

the structural units of the lattice and u is the value indicating the
displacement of any point of the metal; it disappears when every point
of the metal is in its equilibrium position,

The potential ¥ gives rise to a perturbation matrix V; - by means
R : >
of which the Dirnc perturbation Cquations for the problem can be worked out:

h s N\
— ) v e
2r | ot w5/ B, I

The solution of this cqu:tion is performed in the usunl way, a limit being
made -at the so=~culled first approximation. This restriction neglects
multiple collisions (one electron and several lattice waves)s  The results
of computations and comparison of these with actual experience seem to
Justify this omission.

Yet another simplification will be made, For the reduced impulse
vector  of the electron before the impact and its value &' after the impact,
a kind of law of conscrvation is applicable

R =k £ q + 2nq.

where @ is the propagation vector of the lattice wave and g is an
integral vector, built up from the components of the rceiprocal lattice.
Bloch, in his thcory, only takes into comsideration transitions where

9= 0, while the case g % 0 has been allowed for qualitatively by Peierla
(19) as a reversal process.

In gencral the reversal processes take place with very little transfer
of encrgy to the lattiice, which is why they are only noticeable at. very
low temperatures as regards conductivity, Thus we can regard them as the
clastic rcflections of the electrons at the lattice waves, the propagation
vector of the electrons changing only its direction and not its magnitude,
Since in these circumstances our chief intirest is the surrcnder of
energy to the lattice, we may therefore make the same simplifications as
Bloch., We cannot, however, draw any conclusions from our risults concerning
the times which clapse betvcen two successive collisions of an clectron
with the lattice. The reason for this & that these times are closely
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related to the processes in which there arc pcreeptible changes of
direction, but no changes in 'encrgy. It must be assumcd that, in the
computation of these collision timcs, the elastic reflections play a much
greater part than the energotically effcetive collisions, for it appears
thet, wher computing the collision times solely for energetically
cffective impncts, the order of magnitude which results is differcnt from
what coulé reasonably have been expected (sbout 1013 collisions per secs )8

From the Sommerfeld perturbation equatibn for the interaction between
the electrons of a metal and the 1nttice vibrations we derive the following
result (20)

. 202 2 ,
ok = a3 N, + D)% 20 S (W o+ )0(E_ - B + o).
v l Ga.9.M.hv Y k e} Ek

Here, the function f signifies

the v~lue C is cssentlally the kinetic energy of thc electrons, an
approximately known valuc, of the order of a few volts for the case of
a metal; g is related to the speed of sound u, in the crystal,

- 2RV ohich is aporoximately of the order 105 cm/sec, and & is the
frequency of a sound quantum ; its order of magnitude lies therefore
between 0 and 1013, G is a constant.

The signification of the valuc le(k-q5 N+ ’l)lﬂ is as follows:

If we multiply again by dZv, the number of acoustic natural oscillations

in the froguency interval y, v+dv, thig value is a direct representation
of the probebility that an clectron will pass from the stote with the
propagatio'n vector & to the staté with the propagation vector &-q and
that at the same time o gquantum with the frequency v will appear. This
probability verics with tine. There is ns a rule no connection at ~11

“between the energy ehange of the electron and the energy of the newly
formed sound quantum, in accordance with the fact that, from the
uncertainty relations between encrgy and time, the law of conservation of
energy is, for a short time, not fulfilled ot all. That is, there is no
necessity at all for the validity of

Ek-q - Ek.+ hy = O.

Other transitions, too, have a finite, though small probability. This is
connected with the fact that it is only for infinitely large time values
that the energy law must be fulfilled. ‘

"It is now possible to bring the function £ appearing in lc|2 into
the form:
1 - cosU

£(v) = 21:2"'-'“-{}'5‘ o
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where %
=% (Ek-q_- + hv_ )

Thus, for large values of %, the function f has approximately the
character of a §-function: preponderance of the function value at the
point U=0, This means, essentially: establishment of the law of energy
for very large time values, ’ )

The number of acoustic natural oscillations in the interval g

g +da;q.,q9 +dg; q g +dq is, acéording to Sommerfeld and Bethe:
4 4 T2 7a 2 a? "3 3

) Lag, aq. ag_ =
2x n o s o 3

(n ‘number of atoms per ec so that, for the probability of an electron
D » D
passing from & to k-4 , we have to form the following integral:

2 2 3
20a i-r (= + hv=) a3 dq_dq
- - B -} dq,_ dg_dq
_'5(7h(2'rc)8 va k=g ! “_ 2 8

Here, o stands for the density bf the crystal g = el The constant G,
as is inevitable, has disappeared, We have, further: : :

-3 =2 =8, =3 - o = en_=
Q=g+t q hence dqqugdqs = q'dg S]Tn 8aed ¢

So the integral becomes

2c% 277 T £(8

-E_ + hv-) dq sin ©38d& .
50'}1( 27‘:) vq k—q_ k+ vq‘) q S.ln )

and if we then integrate over © and & and, in place of q we 1ntroc1uce the
integration variable U = 27ct/h( —q «E h . v:)we obtain

k q
80%q? t q® 1 -cos U
e e — e L P —— dU
5ch(27c) u vs v?

It is gencrally only at the point U /O that the integral becomes
*important, so that the dsymptotic value is cbtained

2 L ‘
Wiy heq) = T‘?t-%g—h;—-’? +t  is obtained,
g

If we again introduce u in placc of q =

2 3
W(&,: %'“0() = ._.&(:_.(2_75“’.2__ ot

3ohu
Evaluation of the individual valucs yields approximately

~ 10-22.‘\’3.13
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This is the number of transitions into the frequency range v,:v+dgx

By intergration over v the number of transitions per second -

R N Y- _‘ 29
2.5'10 Vmax 10 1077,

86 that for ench electron per second 10° to 107 transitions occurs

Hency the average duration -

107% = 1077 seec.

The total encrgy transferred per second is

h/v Wik, A-q)dv ~ 101’0 - 10" 1og/seo.
which makes, per electron =- ‘ ' o ‘
o 4074 L 407 erg/seon

In contrast %o this, however, is the almost equal reverse transfer from
the lattice to the electron gas, 1/10 e=volt is transferred from one

electron in about - %
10 © to 10 = sec.

d) MULTIPLE COLLISIONS WITH THE LAYTICE., We mentioned earlier in
comnection with simple collisions that, by making allowance for higher
approximations in the pcrturbatlon computatlon it is possible to take into
account the transitions in which one electron and several lattice waves
com¢ into contact. These , however, will always be transitions where the
electron remains in the same band both before and after the ccllision.
This is because, as a rule the intermediate forbidden zones between the
bands arc wider than would correspond to one sound quantum of the lattice
vibrations; and it is only possible for several sound quanta to combine
to form one permitted transition if the intermediate states themselves are
permitted, in the first approximation, as transitions. It can thus be
seen that consideration of the higher approximations can never give any
information about the problem whether energy transfer to the lattice can
ever compete with the surrender of energy from the clectron gas to the
electromagnetic field, since in the latter process the initial and the end
states of the electron lie in different bands.

In the endeavour to find some competing process for this transition
other than the electron=lattice transfer of encrgy, it will therefore be of
no use to carry out higher approximations of the Bloch perturbation
computation, to say nothing of the difficulty of such an undertekings
It appears, however, that. when considering the higher approximations in
serics development of the lattice potential towards increasing powers of
the displacement co-ordinates of lattice molecules, there are produced
transitions in which the total energy passcs into the lattice and the
electron is in another band after the collision. Since the width of the
forbidden zones is roughly 50 times that of a sound quantum, we have to look
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1 B
for collisions in which on elzciron interacts with zbout 50 sound gquanta.

The potential which operates on the clectrons is not strictly
periotic with respect to space because, on account of thermal
oscillatious of the lettice ions, the potential at a definite point in
space is continually chaniing a little with time, Siice, however, the
movement of the lastice points tolkes place relatively alowly by
comparison withethe speed of light, the force acting cn the electrons
con be locked upon as being deteimined by the positior of the lattice
ions &t any moment and int'lucnces deriving, from the velocity of the
levbice ions may be disregarded. We shell therefore represent the
potentinl acting on an elcctron in the lattice as a function of the
co-ordinates of this clectron and simultancously as a function of all
displacements of the iong from thelr cquilibrium positions.  Let the N
lattice ions have the 3 N displacement co-ordinstes £ E ves & N
We then write the potentinl V as follows: * % 8

V=V {xyz; E, G, oo E’al\:‘)_'
The wotentinl can be developed in a Meelaurin series from the
disulacement co-ordinates:
(n;+n +0n_ + u0)
n, g 1 8 2 8 v

jm.i’ n
V(IE‘VZ,E_, colE ‘) = Z 1 g B8 L, e Cr e e s e
. olf fgki ks n!nin ! .. aélz*aa‘;g ag{(‘s”
Lo s """

Here, the diiTerential quotients must bhe formed according to the Ei
at the point Ei‘; gg = . gaN =0, but we will refrain from makii, any
indication of this in the cquations. '
The displucement co-ordinutes can be represented in the familiew valy
by (complex) normal .co-ordinates of the lattice:
§N . ‘ . *
\\\\\\ SNCOIN €

E, = {Q? ’
ZJ ot T %t }

so that, by substituling these.for the displacement ~co-ordinates in the
Meclaurin series, this serles propresses according to quite homozenious
functions of g, and gt ,
i 1
1f we try to pick out one such term from the seriss, having the
factor s a(n1+ n +mn )V

pe p= ps > A IR - U - SO
Uy Tpa U *re ann 't
[ . T4oas ity 2 3
P g g e
: 4 3 3
vhere the sun must be extended over all whole numbers n L0, B, cele.

for which the equation (n1+ n_+mn ves) ='(p:L P, t ps...) is valid,

and for all combinations of the numbers ki, k o, ka «e. 5 where o1l

3
valuse coan be assumcd from the serics 1, 2, 3, 4 ... 3N The velues
A e . . . , . X
n nansn .v. are constanis, the special value of which is of ne further

inturest here.
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In the gusntum theory, we have to introduc: Lho following metrices
for g, ond of :
1 1

T

(q,)z@‘.rvr_'sj- N e? TVt

3 O |
R T 8']‘ v Jl-i- 2 hiNi 1

() g =

me _ ot
\[ h VN A, . . 27c1vi

.8 M, + 1
En vil‘-u Ly

Here, M stancs for the mess in one laitice unit, vi the freguency in tho
the i order of lutiice vibration, Ni a vhole number, ecusl to the .number

0. wsound cunnts of tiw Trequency Vs The first of the two matrices is

directly comnected with the genéretion of o sound cuantum of frocuency %

in the lettice, winlic the scoone oousltion corresyponcs to the emission of
a lettice  vantua, Ihe first process can also teke ploce when there arc
1o sound quoata present (Nj_: 0), but the second connot. Thus there is
asre, as in the Binstein 1izht cuontum theory, the sxistence of a
spontancous process for the encryy brinsfer clectron s - lattice
vibrations, while the roverse wrocess naturally only oceurs when it is
induced.,

If, now, '« inscrt the metrices ¢ . in the selected term of the
i

boclourin serdes, +¢ obt.in immediately

_.,.h" pitpa+tpat ... ; | . (NP + Px): % :
2, Props . mi( =2t O .
By ks yL oty pe .. 1 IV > + Pi

Dy pa ps P, Pi Pi
. v_
« ngvu‘b(p1 P, * Pg'vp; cer)
in which we have put the value
X >—- N a(ni+ DN+, )V
nnn v weme oz X
A— 2 3

S
3,4 53 3 5.,
1 2 3

This value X is naturelly slso o function orf the clectron co-ordin ~tes.

RS

We shiall nos muke cnoiher metrix From this function X, by forming out
of tro elcotron digenfunctions the integral

£ . N
| aty, 3 =
/ Y A ka'

Thig integ can
211l the funcvtions =
unit of the lattice, .

wturally, owing to the periodicity charicieristics of
€arin, in i%, be converted into an integral over a

finally we obteln o matrix element which describes a tr.nsition in
the vleciron ,as from the stote 4o the stete k' and the generation of K
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sourd ¢uanta ol Prequency v, ;3 N sound guanta of f‘requte"n_c:yv‘3 ; Nb

PP, P, a

sound quantz of frocuency v ete, It would then be ncceszary to use
5 -

these matrix elements to form the usuval perturbs tion equation in order to
czlevlice the probability of oll these transitions. In a precise
analogy to tie way in waich Belhe and Sommerfold proceeded for simple
collisions we nere obtain the equation:

P 4P + ees

clk, R';N_+p ;N +p ;.,,)]% [ -8 ety S S
p,” Pui Tp TP, -

4 ve

2 S*u yPL P2 po
. L 3
(8 o+ . N 1 - cos ffyf_
-AP_..,P.i_,. v B IR < S C W = .
i Mo ger 172 /252 PW=B -Brhypv,
1 \ h /} '

As in provious cuses this equation confirms that for large time
values, the only probable troansitions arc those which obey the law of
congervation of encrgy. However the law of comservation of energy will be
fulfilled, if k and k' stend for states in different bands of e¢lectron
energy, 1t is only necessary for a large number (about 50) of sound
" cuanta to be senerated simultaneously in the lattice for the big differcnce :u
in energy between the electronic stales in the various bands to be covered.
The probability of such a transition is then simply proportional to
. (N_.+ py)t ' ' :
const [ - P and, i we assume that all the froquencies v are
' N . o

i pi' \ o 1
‘different from euch other, the largsst torm in this expression is given by

NN N,

B P, Py Py

Now we have to integrate over all the possible directions of the sound
guantum radiztion in the space, for cach of the various % s which yields
i
the factor v? for cach N . Since, in the ecuntion, each of the y
i i i
appears once in the denominstor, after intoyration over all directions
there remains one cach of the foctors v in the numerator. Thus, the
. i N
probability of simultancous collision betwecn an electron and a large number
of sound guanta can be put as proportional to

AR
- 25
.(v N;) v,
where vV represents a mean value of the Irecuencies participating in the
collision and AE is the ditffercnce in energy between the initinl and the
cnd states of the clectron.

_Tor temperatures higher than 300°K we may represcnt the number of
sound quanta by the Rayleigh-Jesns Le

N . .kxT
.IJ"— hv 3
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s0 that for temperatures above room temperature the probability of
transition of an electron from one band to ancther with emission of

energy to the lattice becomes
AR

W= const.(%FgL> hy
h

Naturally the constant which has not been calculated here is
extraordinarily small, 8till, the factor
AR

(2)7

: h .. will generally make itself
very conspicuous and this will be an extremely sudden event as soon as T
hag become so big that AR

<__k.‘1—‘_> hy

b has become of the same order as
the receiprocal of the unknown constants.  From this temperature on, the
probability of multiple collisions will increase in such a way that
practically all the electron transfers will yield up their energy to the
lattice and no longer to the electro-magnetic field. Unfortunately it
is not possible to say where this temperature limit lies because it would
be essential to know the values of the integral. These are ai present
unknown and are very difficult to estimate. In general, we suppose it
may be expected that these multiple collisions can be observed even at
very low temperatures and that they then have the effect of fluorescence
quenching. From this we should have to expect fluorescence only in the
case of those solids for which the temperature limit is very high.  The
crystal phosphors are examples of this type of solid. It is also known
that heating of the crystal results in a quantitative extinction of the
fluorescence process.

We have considerce only one possible vrocuss whrch can erfect &
trensfer of encrgy to the latiice during the transition of an eloctron
from onc bend to ancther, 1otuslly, however, there is an extremely lavge
nunber of possibilities which rest on the faet that, in codibaon to the
guanta in sbsorption there m.y be sny zmount of guante. in emission, which
causes the caponent of T to incruassc substantlally. Th s in =ddition to
the expression which we Lave r.corded, there is another i -.ctor, namely a
function of T, which enters iite it, and about whieh we rossess no further
information. e therefore have to be content to show thot uvhere are
proces.cs satisfying the roquired condations and the nrobeonilty of which
may assumc abnormally high volues with an inorcase in ten *

INTeRACTICY OF i

Apert from their interaciion with the Iatiice, we mist also look at
the mutual internction of clectrons, which, if the electron concentrotion
is high enough, can sinilarly bring about & retercation of & last electron.

* The unusvally short lifetume of the cloetron in tho w per band as
o pesult of the offect of =multiple collisions in the cas. oo selected
radiators can be estimatoc from experimental dete. 3ee orve FJMOGLICH,
W. RIEFL, R. ROMPE, 28 .i.techn. Fhys. Ioc. cit. Tre siznificance of
multiple collisions vor lumino.hores %11l be discusscd in a paper by
the author in Phys. Z.. 41 (1940) 236,  See in this conncotion also

N, RTEHL, M. SCHON, 23, f. Phys. 114 (1939) 602.
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This i1 berscuion tukes plioce between the fest electrony entering the
upper band, and the aggregate of slo- electrons which are in temperature
ecuilibrium with the lattice. This is an effect which was studied in
detail for plasma in gases and which is due to the existence of the
‘microrield® (21). Since it is possible also in the case of the zas
plasma to describe the microfield interaction of the electrons under the
assumption that the lons are practically static, these reasonings can be
applied directly to the electrons in the upper band, as loup as these
can be rezerded as not degenerate, i.e. the electron concentration is
small by comparison with the nunber of terms in the band., The quasi-
neutrality is ensured in the case of a crystal - if the effect of exteraal
electrical fieles is disrepurded. For the relaxation distance 3 of a fust
eleotron surrounded by slow electroas, i.e. for the digtance, woaich the Tast
elsctron must travel helore coming to a state of eguirlibrium, we can &ssume:

w4 ot
- ) T — [
oqe” 67 eAN

It is probabl; o

16 1016

107 to cen bo L
by radiation (22).
~10 ~-13 - ‘ - - .
10 to 1077, Ut ocen bo seen thet, even for low electron concentrations,

tames of 1O~1O sre obtained, i.eo, much shorter times than those resulting .
from interactior with the lattice, if the effect of multiple collisions at
the higher temoeraturcs is ignorode. Lence we arc of the opinion that the
plasma interaction of the clectrong amongst cach other is the process
leading to 1libriun of the clectrons in the uper band within the meaning
of the rosulis obtainced by Birus an. Schbn baszed on the fact that no band-to-
band fluoscscence is observed shorter than 10-8 gec.  The ecuilibrium
orocess of a rast e¢lectron in the voper band vrobably takes plece in the
following marmer: when the temperature is low, the energy of the fast
slectron is first distribuied by means of the electronic interaction to

011 the clectrons presewt in the upjer band, which then in their turn give
up the cnergy to the lottice in cir le impacts, this last nrocess 1is
wpain.a fairly rapid onc, bocause there sro very many clectrens taking

part in 1t simulioncously. At hiner temserstures there may appear

some compotition between the plasma clectronic interaction and the

multiple collisions wnc this w11l Finally prove decisive in favour of the
latter. 1 thds case, however, the electrords leave thoe upper band entircly.

When agnlying the vlasma inter.ction to solids, the following must be

Cobservec: It might be assumed atl first that all availsble electrons -

that is those in the lower bané also - are involved in the mutual
interaction of the cloctrons and thnt thorelore an electronic concentration
2 A _— 4 . R .
of 10 3 must be reckoned with. Tiis . ould result in an egualibrium period
(constant) of 1016 gec for a 1=voli slectron.. This assumplion is not
tenable, however, becsuse the plasma interaction is only availeble for thosc

¢lectrons capoeble of taking ug cneriy. Owing to the Pauli prohibition,
however, therc wre at bost only as wany clectrons capable of this in the
lower bandg, os there are hol.s resuliing from slisorpltlor, Consiceration
of the total numbor +rould thu: introducc a factor 2 in the enuilibrivm time,
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It is only if the fact electrons DPossess ernergy which is great
compared with the energy gap between the two bands (for instance

in the case of radiation of ghort wave ulira violet), that there could
be a greater participation of the electrons of the lower band,
because these could then absorb enough energy to enable them to get
past the forbidden zones. Of course such fast electrons would
probably fall within the range of the strong activity of the multiple
collisions (E: hv very large ) and return to the lower band without
radiation, Nevertheless it cannot be proved quite so easily that it
is Just such processes which sre respongible for the excitation of
insulators by means of fast electrons or alpha-particles,

On the other hand, with metals a large number of electrons can
always participate in plasma interaction because of course the lower
band is only half full, so that very short relaxation times may be
expected for them,
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