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TABLES FOR THE CALCULATION OF DEVIATIONS OF VERTICAL LINES

ON THE PHYSICAL SURFACE OF THE EARTH AND OF BLEVATIONS OF
OF THE UASI-GEOID '

Works of the Central Scientifilc V..F., Yeremeyev
Rezearh Institute of Geodesy, )
Aerial Surveying and GCartography,

pp 3 - L :

M. 8., Molodenskiy obtains, in his article [__‘.LJ, formulas
for the elevation of the yuasi«geoid and for the deviatlons -
gandy) of the vertical on the physical surface of the Earth:
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The symbols used here correspond; ip th main, to those
acopted in the previously cited paper Z{_zl)ﬁsee drawing) .

s ( o’\f’) is the generalized Stokes function}

{ s tHe radius vector originating at the center of the
refexynncem and leading to a variable point 8 of the
surface of the Earth, whose position 1s approximated by
plotting only the normal elevations of points on the surface
of the Earth from the relference surfags;  for '

o represents &n identical radius vector,a point S of the

surflce, corresponding to the point under study of the
shysical surface; .

ro is the aistance between the points of intersection of
radii-vectors g and g with the reference surface} )

» is the alstancé between the point under i estigation
situated on the surface S and the intersection of radius
ve ctor j» of the variable point with the reference surface}

1 .
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h is the normal elevation of the point uncer study;
R 1s the radius of the reference surface;
is the angular distance from the point under study;
6 is the elemend of the reference surface;
A 1s the azimuth of element d4¢ ;
d3 1c’ the eiement of surface 3j . )
n 1s the orientation of an exterfor perpendicular to
the surface of the Earth at the point under study;
x and y are the orientations used in calculating deviations
E& 3 x and y pass through the point under study warallel
eference surface;
e is the measured value Tor the force of gravity;
is the normal value for the force of gravity, correspmnding
to the measured value; it is calculated for the latituae and
normal elevation of the point;
g is the residual density of the surface layer; M. S,
Molodeénskiy / 1_/ designates this density as ﬁ%‘
gTQ is the value of&fat the point under bTudy;

p=0M
7-0p-08

=

b3
varl&fgf S (pos ¥) = —2————+——9£c08¢—3£°°84"" S
- P

02 Po Po po’ o

+po- Rcos ),

¢
S (P ) _ ¢_3’°°08?+5Rsin'¥+
Po O 2 rpg? Po’

+ 3—sm blin 5—(r+ po— R cos ) —
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mﬁn¢+9mw%%
r(r- p,— R cos )

(6)

Let us point out that the expression for ‘Ds(gn,gz

" 3_/ contains a typographical error. Neverthgfes%
i‘or:ula (6) in its correct form is used for calculations
in papers [3_7and [74._/. Teble 1 1s intended for the
calcalation of

Flea®) =5 S Hsing, (7)

while Tahle makes 1t possible to obtain

‘R_QZ‘_IZ dS (Po: q") sin ¢'

Q (po, ) = — o7 o0 00 (8)

It has been posited, in compniling the tables (imxxhixi
h is to be expressed in kilometers), that:
Fpo 4) = F (R, §) + AF (po, 9) = F (R, §) +
92, =R 2 po=R,
Q(por ) = Q (R, $) + 4Q (po, ¥) = Q(R, ¥) +

+ & [ 9Q (\Pm ‘P)] +‘l_ h2 [ 9%Q (o, 4’)]
42 po=R 2 Op,* po=R

i) "
FR Y= —;—sin b [csc%— 6 sin-éi 4+ 1—5cosy —
— 3cosdIn (sin—q'-*- smﬁi)]’

— 2 ¥ ] 9sin L _ 30 29
QR )= 2 cos 2[csc_g-{-l sin — 5 sin +

lO

+—3— —12sint X 1n (sin L + sin? —J>]
1+ sin & 2 2 2.

For the function F(R, lf), tables have been compiled by
Lambert /5 7,

Since the ;elation approaches unity ( h( s the
corrections AF(pq, and AQ( are mall
in comparison ig R,y ) and Q(R, 9? eupactiVely,when
p is sufficiently largé. Values fo AF(fo’LY) and

—m
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:( Posy ) are more easily interpolated than the functions
F (pY» and Q ( Pgs¥). For the major portion of the
ranéia I‘yvariation f ;, the values of AF (eg ,J) and
AQ( o’ ) are, for pPactical purposes, dir 21 proportionate
to h, Only for small values of ﬁ;, do we have to deal .1lth
cuasdratic values. For ¢ = 0, we Have: F(R, 0) = +1, F(&o 0)
=20, Q (R, 0) =4 00,1 Q(0,, 0) = 0., For this reason, T
values of ;*0 close to zero, ‘there is no sense in introducing
Ams-t 2 "¢ -°° Y mfferentiating (5),
Voo =(M) =cos—2-<—l+185in“i-—-28ini+
! dpo =R 2R 2 2

nd T by,
—-1-26 sfn 5 cos ¢ — 3 cos -4 12 sin 5 cos ¢ In (s(n 2+ Sijn 2)}

IrmatrtAan-.

¢
COS-5 \
(‘Z’i’iﬁ’dl) 2 <— 1+ 24 sind L — 172 sin® % —
Ogd? po=R ro? . 2 2

| — 144 sin‘%— 4360 sxnﬁ—‘é‘-).

The member with h< in (9) in small, and fiffers from
zero wlthin the limits of accuracy of the calculations only
for(f<8°.5. For this reason, it is assumed that:

—_11 st l
ky= 2 7 cos 9
§ < 89,5

The a.proximate formula
Flep ) =F R )+ hky + hkq

hes been checked for the values @ = 1, 10, 30, 60 and 180°
for h = 5 km by comparison .ith fesults obtained by the
complete for.ula (5) and (7). The .eviation was found to
lie within the margin of error in the comPilation of Table
1 (below 0,00005). From /\ AOP ve get:

P =k 4AR smﬂ—g+ 4R smﬂ_ii;

Since ro = 2Rsin g, we get

R R
r=r, l+-ro—,+—é‘

"The uantity % is small by comparison with 22 ,
: s

and we may therefore vosit the approximationg
3 1 h
Y
— T rg " !13— 2R
O VAT

Tom L 1A,
: R r ‘/_1_*_.% (1_*_%;)9/:2]2

L=
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15.\ ) ¢ Q (b, M) o & Q (% 0) 91
e . : ]
C 210 -1-0,993 0,0005 850 —0,224 —1.0001 .
b 22 40,967 —0,0004 86 —0,237 o 11 3002 ,
. 23 40,942 1.0004 87 —0,251 b o2 )
2 + 4-0,919 --0,0004 88 —0,264 -l 02
25 40,896 —0,0004 89 . —0,276 L 002
26 40,875 —0,0004 Q —0,288 . 0XN02
27 0,855 —10,0004 91 —0,300 . . 1,0002
' 28 0,835 ~0,0004 92 —0,310 - 0,0002
29 40,816 -0,0004 | 93 —0,321 +0,0002
30 40,796 . --0,0004 .94 —0,331 0, 0002
31 -+0,778 —0,0004 95 —0,340 .4, 0002 yoo.
32 .| 40,760 —0,0004 96 —0,349 - 0,0002
33 0,741 —0,0003 97 —0,357 o w2 ,
34 -+0,723 --0,0003 98 —1,365 Tuoen?
35 40,705, --0,0003 9 |. —u,312 T, R
36 40,687 ' —0,0003 100 —0,379 | 0. P2 ¥
37 40,669 1 —0,0003 101 —0,385 10112 A
38 40,651 }  —0,0003 102 —0,340 wont) NN12 :
39 140,633 | —0,0003 103 —0,396 o 40,0002 .
40 10,615 . -—0,0008 104 —0,400 . 0,0002 !
41 40,596 |  -—0,0003 105 —0,404 -+0,0002
42 40,578 0,003 106 —0,407 .0,0002
. 43 40,559 | —0.00u2 107 —0,410 .0, 0002 9
41 40,511 | —0,0002 108 —0,412 - 01,0002 3
45 40,522 ‘ —0,0002 . 109 —0,414 - 0, 0002 ¥
46 40,503 1 —0,0002 110 —0,415 4-0,0:n02 .
47 0,480 L —0,0002 111 —0,416 40,0002 i
48 40,464 . —0,0002 112 —0,416 4-0,0002 3
’ 40 40,445 -=0,0002 113 —0,416 40,0002 2
S50 40,426 ~—0,0002 114 —0,414 40,0002
51 40,406 | —0,0002 115 —0,413 0,022
52 40,386 —0,0002 116 —0,411 40,0000
53 4366 | —0.001 nz —0,409 RN
54 d0,346 | —0,0000 118 —0,406 40,0002
55 40,326 1 —0,0001 119 —0,403 40,0002
56 40,306 --©,0001 120 —0,399 40,0002
57 40,286  —0,0001 121 —0,395 40,0002 i
58 40,26 ,  —0,0u01 122 —0,390 +4-0,0002 !
59 40,246 —0,0001 123 —0,3%5 0, 0002 f
60 -H0,226 I 0,001 124 —0,380 40,0002 i
61 40,206 1 -=0,0001 125 —0,374 40,0002
62 4-0,186 —0,0001 126 —0,368 40,0002 :
63 40,166 00000 127 —0,38° .00, 0002 ;
‘ 64 0,146 0.0000 128 — 045 00002 \
65 40,126 0,0000 129 0 21,0002 4
66 +0,106 00,0000 130 — 0,34 ~ 0 0002 :
67 40,087 0,0000 131 1 —0,333 <0, 0002 ‘
68 40,067 0,0000 132 | —0,325 4-0,0002
69 0,048 0,0000 133« —0,317 4-0,0002
70 0,029 0,0000 13¢ . —0,309 .. 00002 .
7l 40,010 0,0000 135 —0,300 -0, 0002 ;
72 —0,009 -++0,0001 136 —0,292 -1 0 0002
73 —0,027 +4-0,0001 137 ¢ . —0,283 L0002 3
L3 © 74 —0,045 -+-0,0001 138 —0,274 +0 %01
75 —0,063 4-0,0001 139 —-0,264 0,01 ‘
76 —0;081 40,0001 140 —0,255 n o001 ° }
77 —0,098 40,0001 141 —0,246 30,0001 2
78 ~0,115 4-0,0001, 142 —0,236 40,0001 H
79 —0,132 -+0,0001 143 | —0,227 4-0,0001 '
80 —0,148 40,0001 144 —0,218 40,0001
81 —0,164 40,0001 - 145 —0,208 +0,0001
82 0,180 -£0,0001 146 -~ —0,199 4-0.0001
83 . —0,195 40,0001 147 —0,189 --0,0001
‘ 84 —0,209 -+-0,0001 148 —0,180 40,0001
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Q% 0)

—0,171
—0,161
—0,152
—0,143
—0,134
—0,126
-—0,117
—0,109
—0.101
—0,083 —0,007
—0 185 —-0,005
—0,078 —0,003
-0,070 ‘
—0,064
-—0,057
—0,051 , 0,000

[ T S VNS U N D SN |

By using these relations, a sim:lified fomula was
obtained for F ( gm (,f), which 1s adequately accurate for

O<q) and h<lO
.___3_CO_'I/+ h 2r°

'
1

3r ]/ L L]_ .
) Rol [QR 1-{-r()"‘-+-2l? (1+ hl>s/, 2R

To aid the calculations, it is cgnvenient to ini,roduce

the ceuxiliary . - anglew= arc tan e obtain

F(po,q:)_cosm — 6sin? g secm—4sin—é——-

— 3 sin —g-ln [51—5(1 + csc m)] -——2-% _cos’ ®

By airfferentiating (6), we find
_ [9Q (0 ) ] - {— 9 sin® ¢ In (sin -l;— +
D=0, Jew=rR  2RY .
k in 2 S _ s ¥
+sin"‘%>+3csc—§-+9+24 51n—2——108$in°2 36 sin 2—{—

+ 108 sint %}
For small values of(i' s, we may posit:

cos?

3*Q (pos 4')] __ 3
0po? po=R 8 YoR? sin®
$ < 10°

Lt
The approximate formula

Q (o ) = Q (R, ¥) + hq1 + g,
#«ith given values for gq; has been used in compiling Table 2

-8=
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£

pr-t

(i

within the range 1o°§ £.180°, within this interval, the
texm h“gp is smaller the range of accuracy of the table,

Within the range 19& (p £10°, we may posit

Q) —QRY)=— Sx” {csc~—"')—+3+881n-—4i]h— ‘
< 10° 2R\ 2 2 |
_—3.1‘: CSC%{ h‘?_ !
. 47 o’ |
The mean value for Yo, the normal force of gravity, 1s
taken to equal 979.76 in accordance with the 1901-1909
normal formula of Helmert. The mean radius R of the Earth
is taken to be egyual to the radius of a sphere equal in
volume to the Krasovskiy ellipsoid, i.e. R = 6371,126 km.
We did not deem it necessary im Tablw 2 to calculate values
for functions Q (Ry W ) and q1 at intervals smaller than 1°
for the range l‘.’(gy( 0%, since in calculating a grid it is
more convénient t opﬁrate‘aith the WEning—Meineg approximate
foruula of the form 4B 4 Cr with a qih 4 qoh“ correction.
By using relations (li) and (12) we may obtain an aporoximate
formula for the interval 0°<tf)< 19:

x"R{_Q_[ 13 _h_]+
2‘(0 ro (1+;)_10%_)5/2 (1+_:152_5/3 2R

(13)

+ 3ro + 3 1 }
3 G B, h
rY 1+5 RY 1+ EV 14+

The maximum .eviation (for( = 1°) of the value for
Q ( po» ¢) calculated from thid formula from the correct
val bunts to 0.01%.

Let us des.ribe new the calculation of a grid for the
determination of deviations E and of the vertical, which
need to be calculated at closer intervals and more accurately
then & . To calculate the elevations §n0f the guasi-geoid,
it ispssible to use the same grid, tren. ferring coefficlents
for the effect of, speciffc zones.

The most important in this connection are zones from
0 to ~» 100 km, whose anomalies acetermine the local component
of the aeviation of the vertical. Allowances for the elfect
of this area are the most Jifficult to make, varticularly
in mountainous regions.

The accuracy ith which numerical integration is verformed
in the O - 5 km zone 1s to be selected with reference to the
nature of the gravitational fieldx.

1. For an even gravitational field, such as is usually
observed in flat regions, we may posit for the 0-5 km zone:

£

% See /Z_7/ and the peper by the author in the present
volume concerning the calculation of the grid. :

-Qe
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' oA,
g"‘Y=Ago+(‘a"g) Tos
o

_ 2" R ro? . .
Q. (P,"l ?) — o l/wc

where A&, is the anomaly at the point under study. We
may asstme that the gradient'm {s constant along the

. T »
radius, Then ) ~E
=5KxM2n
Ae=..i"f 1 gy dro cos 4 44 "
ew) ) CT ETD

or, if in integrating With respsct to A'we uss the formula with
eight-ordinate trapezim:

A & .-2n} S }
L\/k T 3 dgcon Al

ag

i

8 Yo'y
In final form
| ’ 8
' Ag:—c(h)[ZAg,, cos A,,]
rg="rq»

n=:1

(15)

X" T T T hﬂ
where W= [VEFR )

Tt is convenient to introduce the auxillary angle on
the basis of the relation.

D=tgu;
We then get "
%
¢ (h) = —cigo(cos v + secw — 2
8]’0
. -K"
For b = 0 we have ¢(0) 2 ==— . The c(h) coefficlents
are given in Table 3. 8\‘
g=ve > o Table 3
| ]
: h N h .
.u c (M) ” ¢ ih)
0 07,02 632 2000 07,01120
100 0 ,02 528 2200 0 ,01026
200 0,02 427 2400 0 ,00439 .
300 0,02 330 2600 0 ,00861 | ' e
400 0,02 236 2800 0 ,00789 .
500 0,02 145 3000 0 ,00723 :
600 0,02 056 3200 0 00k !
700 0,01 971 3400 0,001y
800 0,01 889 3600 0, 00560
900 0,01 810 3800 0 ,00515
1000 0,01 734 4000 0 ,00475 i
1200 0,01 591 4200 0 ,00438 ‘
1400 0,01 4594 4400 0 ,00404 l
1600 0 ,01 335 4600 0 .03 !
1800 0,01 223 4800 0 00345
) 5000 0 ik '

-10=
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II, In the case of a complex gravitational field, it
is possible to use the Gauss formula, In (1), we may
posit .

pid i

f (g—7y)cos AdAd = f(ry)

' 0
anda write

r

. 1
"
A= ——F £ (ro)

A
»1_—__—:.__-—2—511r0.
?-“You V (B4 ro®)

(16)

We may calculate the integral of (16) by muans of the
Gauss numerical integration formula with three 3rdinates:
! " 2 re
A= — — p A f () e 4 A (1) i
£ 27‘»“{6 rl{ 1f(ro) 1/,- (I’l"‘ r0'2)5+ af( [} ))/_(Jl"—kr'o’)” J
r mg '
A (1" ————__i___.::': N
+ Bf..(r() ) I/‘(hn+r°mg)g}
where:  ro=rx =05635 xu  x,=01127 A, = 0,2778
ry=ryv,=25 Ku x, =205 A, = 0,4444
Py = rixy=4,4365 ku xy = 0,8873 A, = 0,2778

For calculating the integral of f£(r_), .e may carry
out numerical integration by means of t8e trapezium method
with ~ight ordinates. By breaking aown the interval 277
into eight equal segments, we may write the approximation:

8
fry) = —'} 3 (g — 1) c0s A,

Thus

8
— (| TieDacosa]

ry=ro na=1 =T

8
pE=—c, (h){ T (g —¥)nco8 An}
0—5 xu =1

8
z(g—mcosA] (17)

n —
fo—ro ’

— (Iz){

n=1

where we posit that

2 A ron?
| e =gy

The coefficients for e¢y(h) are given in Table L.
Elevation h enters into exprersisns (15) and (18) as a
parameter. By substituting gin A, for cos A,, we obtain
the for..ula for the effect of the 0-5 xm zone on
the component of the deviatidn of the vortical in the
plane of the first vertical. From forwulas (15) end (18)

-11-

Declassified in Part - Sanitized Copy Approved for Release 2013/08/02 : CIA-RDP81-01043R002200130008-1



Declassified in Part - Sanitized Copy Approved for Release 2013/08/02 : CIA-RDP81-01043R002200130008-

and Tables 3 and lf we may establish the dependence of the
effect of the O - 5 km zone on A% and Ay from elevation h,
given a constent gravitational field in the central zone,
Let us mam calculate ths effect of ¥P8urvilinear
trapezlum bounded by arcs of circles .ith radil r'_ and
r", and radii, whose azimuths equal Ay end Ap, We ﬁa_y uge

le]
the integral |
! ro" :

r‘],r Q (9»4’) dro= 'x

"R [_ Yo
te | Vr?+ 12
i Sro . ,-03 -3_’,9—-61 . - ,2]}
+2R[l/r09+ h,+ V—(r—of—}——h?‘)—i—*— h n(ro+;/r(, + 1)

The effect of the entire 5 - 100 lm zone on component g
will e, ual

Fin(ry + 1/ 7 B +

.
. ;

r’s f
.

To. 0

AE = z (g - .{)n cn'
5—100 k.
where
h i 3"0

PO S T A [
=3 cos A, {Vrm In (ro+ 1/ ro*+ h%) QR[I’/_m +

Gy Y TT]} o
tEe T e VEERYL

Table L

¢y () e th)
r7o=25000 & ' = 4436,5 &

0,02339 0.00824
0,02333 0,00823
0,02817 0,00822
0,02289 0,00818
0,02252 0,00814
0,02205 0,00108
0,02150 U, 0wy
0,02088 U,1x J94
0,02021 0,785
0,01948 0,00776
0,01872 0,00765
0,01714 tGU74]
0,01554 v.00714
0,01398 0, BUGKE
0,01250 0, 00656
0,01114 0,00624
0,00890 0,00592
0,00878 0,00561
0,00799 0,00529
0,00691 0,00498
0,00614 0,00468
0,00546 0,00440
0,00486 0,00412
0,00434 0,00386
0,00388 0,00361
0,00348 0,00338
0,00313 0,00316
0,00282 0,00295
0,00255 0,00276
0,00230 0,00255
0,00209 0,00241
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Table 5
- Values for aa%‘m given in units of the fifth decimal figure

No of h km
zones  Raodl of

hxu o
H 3 ' ,814,+,4,5[5.1,5 56,0

Paauy- I :

Cid 30H, XMW

5,0

7,3
10,7
15,7
22,8
33,3
48,5
70,6

423

472| 461
487; 481
493 491
497 495 490| 488

498| 498 495/ 494

499! 499] 409! 499 497|497
102,6 [

Ay being the mean azimuth of the trapezium. Values for
are given in Taole 5.
cos Am

In allowing for the effect oi‘ the aree situated beyond
a radius R#} 2 102,6 lmy» 1t is most always vossible to
use the Werling-Meines formula and the grid, described in
[ 2_/ and below,

The technique of calculation from formulas (1)=(l)
is described in articles [/ 3_/and /}_/. Let us complete
that information, If we posit ,

§]’f[(g—Y)—-(g—*r)o]dA=Ag(’)' '
we obtain ' - |

5g=—thg(r)r°—dr—Qz—hEAgm(r)f——r"dr",

where A'gm is the mean anomaly dn the zone. By taking-
into account that o 0 \
\

r2=p2 4 ry? +2rohsm-——h2+ —K,ro,
fodfo___ i
o P T

) - Ty

ra” 1 ro” ‘
/ odg= EAgm =~hiig, [ f‘,;a——g]l o 19y
i [l/"’ ] PR ag)
woere r'y and r"  are the ilnner and outer radii of the
ring. It is convenient to intraduce an auxil‘ary angle,

'

we find -

and ~

~13=
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by positing h R _ tan®1 , or, approximately,
1

T o
..p'—' = tan O)]_. en
To

dg= Rs Ag,(sinw, —sin) = 3Ag, (sinw, —sinw,).  (20) (20)
l
. Table 6

0

» aon‘ ¢ o 0
i » ~

0 —0,0333
484,4 —0,0250
750,0 —0,0200

1020,1 —0,0167 };ggi'g

1833.3 —0,0143 | 1aar'e

1732,1 —0,0125 | goat’s

22911 0,011 | oo’

3197,7 —0,0100 | 2va0’3

3873.3 —0,091 | greee 1

4900,0 —0,0083 | yoroen's

5913.8 '

»9179,2

O WO ~NDUCe N -

—

It is aoparent from formila (20) that the effect of
individual zones of equal width willl drop rapidly with
distance away from the point under study, the trend being
more marked to the extent that elevation h is smaller.

Given zones of ecual effect, their width will Iincrease
ranidly with dlstance away from the point under investigation,
to the extent that i1t will be difficult to find mean anomaly
in the more distant zones. In testing M. S, Molodenskiy's
formulae on a model [TB , use was made of the coefficlents
for ¢ = (sinWp2 - sinWj) given in Table 6. The same table
gives radil rg corresponding to h = 1 lm. Zonal radil

vary in direct provortion to h for the given values of the
coefficients.
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ALLOWING FOR THE EFFECT OF DISTANT ZONES ON THE ELEVATION OF
THE QUASI-GEOID AND THE DEVIATION OF THE VERTICAL

s g Works of the Central Scientific V. F, Yeremeyev
BEld T Research Institute of Geodesy, M., I. Yurkina
' Aerial Surveying and Cartography,

— No 121, pp 17 - 24 :

The manner of accounting for the effect of distant
zones on the clevation % of the quasi-geold has been
described by M. S. Molodenskiy (Trudy of the Central Scientiric
Research Institute of Geodesy, Aerial Surveying and Cartography,
No 4,2, 1945). This paper gives the following formula for z':

Yo 2x m -V _____S:
/ C=;1%fb[Ag[S(‘l’)]—S,,(:p)]sinq;dxpda_;.?_RT_,EzAgnKn(Sm)’ ) (71)

1]

where R is the mean radius of the Earth, 1s the mean value

o of the force of gravity,Agn is a spherichl function of the
‘ n-th order for the resolution of anomalies Ag of the force

of gravity, and S(\P) is the Stokes function: ,

_ |

t

i S@=cscd-—3cos in(sin & +sim2d) — 6 sin g+ 1 -5 cosy, |

“1s angular aistance from the point concerned, Spy) is

e resolution by spherical functions to the m-th ordbr of

the function S(4) in the intervalqT - byt

" |
Sn@) =1 21K, (5,0 P (cosd) !

n=0 I
koS =3 2 K (9K, ).

I r X
. Exprescions for K,(S) to r = 7 have been developed by
M. S. Molodensxiy, In additinn, a formula has bscen obtained
for XKg(S). In the f?mlﬁe that follow, i$ has been posited
’
%

that k ® cosge 1-Xk=t,
. The verification metnod indicaved by M. S. Molodenskiy
< has been applied for checking the expression for Kg(s)

Ky (S)h=— 4t + 58+ 60—TH+(68—68)In(t+ 1),
11
K(S)k*=— 2t + 4t°+13—6t3—9t‘—2t6 +gtt2int—
—2(1— 9 n (¢4 19),
K@) p=2- 114504482 486 — 54601t

28 13
l Ki(S)t=1—414150 -8B — 4t 4518 — 45410

@ : — Tt (68 4+ 128 Int,

16

Y

-
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Kt(s)k“=—§-—4t+22t“—13§-t=+35t¢_12t6_.%de.;. %‘iﬂ_

___1_!, 8 1 lO__l__ 12 6
o 0 5 B0 s 0 (624306 + 209 nt,
231

2

528

1 93
6= 2 . 8 — L Wy T
K (S)kt= 3 4142812 — 4818 {4 — 8845+ 5 t 3 t

_79 ] 44 9 10 _2_ 12 1 14 1 2 4

T =Bt S (64 54t

+ 906430 %) In ¢,

2 67 s, 493,

T4l A—T604+ S0y

1144
5

+%t“—]—_‘l}6tw+(6t“+84 £ 2525421018 4- 42 £19) In' ¢

1352

Ky (SR = 5

15435715 -

t‘°+%gt“—£t" +

572 5 135
10

79
+3f-wr—7

K1(S)k°=%—4t+31—%7t2 —3—§8t°+ 437 4 — 620 £9 +__23291te._

31460 363 104
— T 8 o . fl0 1
1040 ¢ “+ 802¢ 63 ¢ I t 7 t

+12t“—%t“+—;—t15—2—é5119+(619+120t‘+560t‘ .

~+ 84084 420 £1°+4 56 £12) In ¢,
437 6959

i(e(S)k*’:%-——4t+—lﬁt'-’-—l4818+

1543 .,
5

6052 . 5965
6 5 —_—
T RS i

22780 , 8217 . 22100 . , 28097 .. 20332,
——7 U+t 7 P+ g =t
6949, 68 1450 61

68 3
12 ___ A8 TV S p6 — {18 __
55 L g g e gt gt

- 4_;61"°+ (6 2 4 162 £ - 1080 £8 - 2520 £3 + 2268 (1 -

+ 756 12+ 724 Int.

We may note that, beginning with » = 2, the free. term
in these expressions equals “» and the t coefficient
e.uals -4sinthe 1n t polynomi&IT the coefficient of the Ffirst
term e uals 6, while that of the last omne equals r(r4d).
_For r) n, En(Pp) is defined by the formula: .

—1) g(g—1
%—KA(P,)k’=ﬁ+%-ﬂpq+_;_ts p(gl )'q(q2| )+

1 —~N(p—2) g(g—1(g—2)
| oy PR =

where p = r = nr;and qQ®n+r. Forr=n

.

-17-
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K( )k’ r+ll

|
1
and for .r<n i
{
I

K, (P) = 0.

By differentiation of (1), M. 8. Molodenskily has
obtained an expresuaion for the Eandyi components of the
aevlation of the vertical

b (@)

_-.:? Jrngd [S @) — S, ())sindcosaddda+

P dAg,
+EE oo

4

_ P" . a_
i dq)[S(qJ) S, ()] sin¢sinaddd

n
m

85 K (S LB esew, ®)
2 n=2

ZA

g e e

where 9" and L' are the polar distance and longitude of
the point concerned, and azimuth o is comvuted from the
direction toward North, For m 2o , all of M. S.
Molodenskiy's formulae are in strict form.

The effect of the anomalies of distant zones may also
be allowed for in the following manner. Let us precent
the Stokes formula in the form of a sum:

——

n 2n

o q} o

R |

i =4———°fof gS(P)Sln¢d¢da+— fngS(q;)s:mpdq)da @ ()

- i

The spherical radius (go of the allowance ‘for armmmalies

may be assumed to be largk enough to allow the use of
anomalies in the second integral in the form of a resolution
by spherical functions to the m-th order:

Agi’ Z A, P,(cos$) + Z Z A, coskL P, (cos §) 4

=) n=2 Akai

m k=n
+ ) Y Bpsin kLP,,(cos ).

3 =3 k=1

—— I
Here P _; (cos §°) are combined Legendre polynomials.

It is then hossible to perform a double integration in the

second integral of (L). Integration ﬁith respect ‘toph gives us

integrals of the following form:
~-18-
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. P = . ¢ o o e
' s 5 3 )

2r
S Pu(cos $)sin kLda = 2= Py (cos ¥) siti kL' P, (cos 4),
]

2=
f Poy (cos$) cosklda =2 nP,,(cos$) cos kL’ P, (cos ¢).
[

[

To verify these ldentities, it ig possible to use the
formula for the regeneration ipherical functions, Both
sides must be multiplied by %”'—-Pn(cos \f)sin !fd 'f and
integrated for ) from 0 to 7, 4T

With the aid of these congruences, it is possible to
reduce the calculation of the second integral of (l) to
the calculation of integrals of the type

/h f.v”S(y)dy- (5'“1’ (%)

where it is posited that cos \L‘-‘ vV . Integrals of (5) are,
in turn; reduced to tabular o es, while the Stokes formula
is reuvuced to the followins, expression:

- Y 2n

- P m !

[ C:mf AgS(t,b)slng’Jdtpda + 2—?{. Z Agan thi 6)

e - o o n=2

where Q, are coefficlents computed for a given value— of ?’o'
By Qifferentiating (6) . wo obesiv.

., A ( 7)

v o.__ d : . P" ": aAgﬁ
£ =7Ia Agd—q)[S(Lp)]S!ﬂ(pLOSadtpda-{-i—Y3;2 Q”T\‘)" (7)

m (8)
d A " odg, . |
Agd—-'#[S(t.}))]smcpmnad',bda—z%nz—:? Q. 2582 cscd ® |

pll

47y

.qll —

oL’

Form 2 00 , formulae (6), (7) and (8) have a strict
form. The greater the value of o» the more ranid the .
uecrease of coefficients ¥ ésm) nd Qn, and the rmaller the
m re uired for calculatingn ,.ﬁ.and from formulas (1),
(20, (3) and (6), (7), (8)Mt#e cerivation of (0), (7)
ana (8) the need no longer exists to resolve S{¢) into a
series by spherical functions, and we do not have .to
cetermine Sm((P Vo Since

Yo ’ ) T
\ K8+ [ P.(9) S,y dy =,

G 2n 4y 27 '
ff(}_ 8g,) 5, (4) sintpdqad--—-fngSM(';;)sinnpd'LdazO, |
o 0 ]

=2 [} f
sufficiently high values for m allow the switch from
formulas (1), (2).and (3) to rormulas (6), (7) and (8).

For the calculation of Qps 1t is convenient to vut

-19-
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the Stokes function in following form:

| S@=5@) = +—8lnv(1+v)+60nv(1+v)—6v—4+102"
\———"" -
where sin & = v, l.e. y = 1 - 2v2, With the aid of the
inte T 'v ® do ;
\ oy =C D40+ (= y-tot (2D 4
! ‘ +(— 1)"-3” e

n
we find the following reLations:

, .
’ 5 , 3 7 3 .. 3

!] vS(*u)drc:t———‘}—t--—-g t5+71‘+<—-§-t‘+ 5 t‘>lnt(l+t),

[

e

; /'v’S('v)dfvz-

T
ol

—

—

I,-n
@

Ti

| +< %M_zo)mt(1+z)-'-%|n(1+z),

t

_ ] s_ oV s 5 6 3 n
/oﬁS(v)dv e D i

]

t
[ s 9 9 o 38 ¢ 6 31-4; 7—t"—-
j G S@)dv= g5t — g5 2+ 15 1601 + o ! +

1

77 4 3 4 2210 ___3_8_110 tH14-1) —
—p Pt +< 8t45t>ln(+)

760
9 9
: 1 1 1 1
—_— — /2 - 8 4 tG _t7
fps.v(o)dv_ S L1 o5 14+ o B35 0+

1
‘l 8 I 4 9 39 tlo tl.l — tlz + (—— e t\o +

1 1 101
+—2—t“> Int 46— =In(l +0 =g

¢ -

—5 5 S o e 2 4
f“’“s(“’)‘”’—iz@ t2+84 = 112‘ +ot— it
20~

- 1
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i %

1
5 . v t“’—l—
+ 706 1 224 t °52 26 28

3 —
3 32 . (_l_tl?+—[“>lﬂt(l'+'t)
—_7-t“+49f + 3 7

5 241

!
9. 9 3 9 .. 9 3
18 —_— Pl I | — — e
f” Sdv=get—qp Pt —g togp  — & T
1
9 9 9
= . 8 — 9 . = {10 o m___=_ {13
Pt 560 teaet —emt t
l 1‘__?_ 18 _3_7 16 __3_ pYY
—e L B4t +< o

1423
12320

+
+ tw>1nt(1+t)——1n(1+t)

H
7 7 7 7 7
156 —_— 12 — 48T 4 —_— s {3
]” SWdv=Gt—g g 1 tap ! "awm’ "
1
7 7 7 7 7 7

— 4T . _.__ {8 — 49 __ - t10 —— 12
tamt Tamttm Tm s et

___7__ 7 4 ll lS_gi 16__1. 17 .1_4 18
e e Mt ! 384t Htg7 10+

45401
411 840°

+<—-—t!8 L asNmeq46— 1n(1+t)
3 t
2, 1 2 1 2 1 2
17 2 2 —— oS —_ -
f’” SWdv=gt-gltpl-—gpttaptf—gtg!
1
_ t8+._2._. t10+____ tl tla+_2_t13__
5 165 195
1 1 1 16 Lo lE — 1 19 i
105’ +225 10t 5w £+

+ lOO £20 . <—— tw+ 5020) Int (144 —

188611

__5'““+t)_1801@6‘

Maa_Tacandre nolvnomials may be expressed in terms of ¥:
Py=1—6v*+4 674, \,‘
Py=1 —1207 4 30v* — 2045, \\
P,=1— 20704 90 vt — 140 4%+ 702¥,
Py=1— 309" 4 210 v* — 560 v® - 630 v° — 252 0%,
P.__l——42'u’+420fu‘ 168003-{-3]50@8——2772'ul°+924-v“
P.,._l-561)’+7561!‘—42001ﬁ+1155008-—166321}“’-}—120120“
— 3432 94, !
P,,:l—‘—72‘0’—}-126011‘—92“10'::"-}-34650'0“——72072'1.1”’-{-840841}"—\l
— 51480 M | 12870 0%, .
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wan find:

3
H
i
3

|

. Wawabtain:. ]
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’ ¢
Q= fP.(y)S(y)dy=—-4fP,,(v)S(»u)od«u,
! 1
Qg=2-—4t+5t’+1415-—%#—-3015-{-47#‘4-18['-%t°+

+ (68 —24444 36— 189 In¢ (14 0),
372

Q.=1—-4t+5t=+22¢v-46u——5-z6+136t°+104ﬂ—-166t'—'

352
— 488 T (68— 42644 10815 — 1205+ 48 £9) In £ (1 + 6),

_2 98
Qu=g —4t+ 5848 — 7244 156 554 300 1% 4 360 £ — 645 /5 —

1120
~ = £+ 6024104 140 11— 2101 4 (63— 66 {4 — 260 £ —
— 4808 420/ — 140 %) In# (1 + £),
1 209
0=+ —-4t+5t‘+46t’-—.Tt‘-294t“+655t°+~6§7§2t7—19.30#--

— 1660 £ 2936 £194- 1368 111 — 2290 /17 — 432 /18 . @:" +

| (68 —96¢44 540 — 1470 242100 £0 — 1510 2
[ 43209 Inf (1 + 1), *
| 2562

g2 287
5()._ 5SR-Sl T 11y 207a s

19509
- 8 — 5558 19+ 10689 £10 - 7434 11 — 36?“1 #125082 18

4
8547
- 8283 14 4- 1386 15 — Tt“’;}-(G 12— 1322+ 1008 #¢ — 3780 8 4-

j + 7812410 — 907241% - 5544 14 — 1386 £19) In £ (1 -+ £),
!

I

1 242
O =g —4+58+ 76— 18944 — 8405+ 2072 £° - 4768 1 —

140000
109132 — "5 194 52 186 90499 708 17860

i
!
|
|

— 32 648 118 4 56 848 114 +§1§299 £15— 31174 % — 4576 /7 4

64 064
+——9—t“+(ﬁt‘—l74t‘+ 1736 ¢ — 8568 #8 - 23 940 £10 —

— 39732 #12 { 38 808 14 — 20592 /16 + 4576 18) In£ (1 + &),
e tha it i M )
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N i ¥ £) 4 ‘ ' ! ;“g ‘.t.:_"- 23

o % qu o .A:.:.\

Qs ==
— 2095] (* — 38368 £ ﬁ%sgsltw—{-w 380 £1 — 195756 12 —

64608 .
2—4t+5£"’+102t3—241t‘—-6555215+3336t5+ et

— 151 800£'® - 281 424 £1¢ + 7065992 t16 — 244 959 16 — 72072 17 -

+118118H8 4 15~444t‘9——1?%)-7§-t°°+ (663 — 222 4 -+ 2808 ¢

— 17640 f* 4 63756 £1° — 141 372 13 4 195 624 £14 — 164 736 ¢ +
+77220" — 15444 )t (1 +0).

For checking the coefficients of the expressions for
Qns We may use the equation: :
.

ae,
2r = AP (OS(0t.

In acdition, v:henﬁo = 180°, @ = 0. In that case,
t = 1 and Int(l+t) = In 2. Therefore, the sum of the
coefficients of the polynomial far 1n t(l14t) must equal
zero. The sum of all the other coefficients also equals

Z8I'0.

For t = 0, Qg = ~§~I, and therefore the free term
of the expression foF Uy eauals -g—} . Let us note that
the cgefficient for t equals =L, while the coefficient

for % eguals—ﬁs.
We give the first values for Q‘n

R doxn N i % % ' Qs &

| |
1000 } -1,634 | +0.639 | 4-0.311 0,003
1500 +1,457 | 4+0.472 | 40,159
41,305 | +0,338 | 40,046 -0,128

2000
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M. S, MOLODKNSKIY!'S ELLIPTICAL GRID FOR THE CALCULATION OF
OF ELEVATIONS OF THE «UASI-GEOID

Works of the Central Sclentific M. I, Yurkina
Research Institute of Geodesy,

Aerlal Surveying and Cartography,

No 121, pp 25 - j2

The computation of an elliptical grid for astronomiecal
and gravimetric leveling has been described by M. S.

In the Molodenskiy grid, the effect of the immediate
surroundings of astronomical polnts contained in uuadrangles
whose sides measure 0.25 1 and 0,50 1 (where 1 is the half-
distance between points) 1is determined from gradients of
gravitational anomalies, At that time, a similar method
was used to account for the effect of the central zone (with
& radius of up to 5 km) on gravimetric deviations of the
vertical. It was Xter discovered that the effect of the
central zone should not be calculated in simplifled form
from anomaly gradients when calculating deviations of the
vertical even in areas of flat relief, irf conclusions are
drawn frowm cluster surveys. If such a procedure is employed,

. the value of a detailed gravimetric survey is, in some measure,
lost. The effect of the central zone on the deviation of
the vertical is determined toaay by means of the Gauss
numerical integration formula with three ordinates, It
i1s efficient to calculate the effect 4f the closer areas
in astronomic and gravimetpic leveling by mecans of the
Gauss formula only in mountain anc foothill areas, when
astronomical points are at high altitudes ( when . .o
the relation k of $he.elévation of the astrondmical point
to the half-distance between points is greater than 0.01).
In the neighborhood of astronomical points of low elevation
or, more exactly, when k < 0,01, the subintegral function
varies at a rapid rate, and numerical integration invokves
considerable errors, This is aealt with in greater detail
in /L /. o .

In the present paper, we offer certain clarifications
to Molodenskiy's article [ 1_/ and correct some of the mls-
orints noted in the latter, or this purpose, the presentation
follows as closely as possiole that in paragraphs 9 and 10
of that vaper /1 /, and Moloacnskiy's symbols and numbering
of formulas has been retained. .

As Molodensxiy has shown, ' the difference in elevations
of tne guasi-geoid in astronomical points 1s expressed by
the fo_.lowing relation: e

Ny — Ny= AN, 4 AN,,

where ANy i{s the result of astronomical leveling, and ANg

...2!;_.‘
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. &y R oo .

%/ %3 ,
.b@ , RAL o % g

TR RYR

is the gravimetric correction for the non-linearity of the
variation of the deviationes of the vertical. Thc gravimetrlc

correctin iz founu from the for.mla
!

® ANg_—_ngLd}.', (17) ] (17)
where T3

' NI el | x4+l (18)

—_— L 18
L= 2y [r, n t rgt + s )] #)
~ or :
k ' AN, = A g M(a, b) 3c3d, (26)
" | = samien (26)

i 1 (2 a®—8 [ab—0 | ab+ 0D .

4 i =/ {— - ’ 27 i '

- M@b) 2n~{{a ab [(a—b)’+(a+b)'“ @ T
where ¥ 1s the normal value for the force of gravity, and
>  is’ the area of the astronomical points under study, In

. astronomic-gravimetric leveling,. dnomalies of the force of

gravity Ag must be known throughout area X .

The function M (a, b) is expressed by Molodenskiy in
a system of coordinates formed by a system of co-focal
ellipses and hyperbolas with foci in projections A and B
of the astronomical points on the reference surface, which
may be considered plane.

The position of .ac point of area Z. is defined by
quantitiés a and b, the semi-axes of the ellipse and hyperbola
passing through that point. The gquantities a and b are
related to r] and rp in the following manner: 2a = ry+ rp,
2b = ry - rp. Quantities ¢ and d are related to a and b
by the equations of the eilipse and the hyperbolar

| AP, oSy \\,
a‘) CZ ' b? d‘) H
foT

2=a? — 0B, x.—;aTb, &= 12— b7, y=f;—i. !

X and y represent rectangular coordinates. The origin
of the rectangular coordinate system is chosen at the mid-point
of segment AB., The x axis coincides with direction AB, )
ry and r. are distances from element d3.  to, respectively,
points A and B.

Let us bremk down the integral defining AN, into V

A Ns, ANg and ANG. The first two ( [N, and® ANp) extend
over the surface of the perifocal sections, bounded by the
coordinate lines a, and by, while tae third ( ANg) extends
over the remainder of area 3. '
. .o . Let us examine the integral extending over the perifocal
section which incliudes B.
From integral (17), we obtain

~25-

-
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< -4§$7

{ cosa
2y _/Ag_?_dz_ |
(2 (28)

! l 1 '
ANg=m— L ;L 9
P Em T Tt e e 9) |(29)

where o is tne volar angle inci_i{dixig vole B and polar

Le Detween rp2 and AB), and B is the polar
pole A and polar axis AB (the angle between

cos B :
a3 2, : |
[

I )
— 24g . 1 i
Jy = £38 — 1
—s ff 2 ocbd = f Ag <_.,_ — ._rl.> ds. (30) gO)

In calculating J and J3 we postulate {
= o8N L _
Ag—Ag,f}-(a—i) rzcosag-i-(g—g) rysina. (30") ;O!)
& Y /s .
i

Ther

- cosa d :
Jl—Agg f/T drda-;-(a_f)a ff cos"adrda-{— !
i og

+(-—> ffcosasin drd 1)
0y 5 aar a«, ,

since
A¥=r,drda.

The area of integration is symmetrical relative to
the x axis, since on the right-hand side of this equation,
the rirst and second integrals amount tc double integrals
for the lo.er half of the area, while the third ecuals
zer?. Performing tnis integration for rp, we cbtain:

i kg T i

' J1=2Agafln%cosada+2<g§> erCOSQada, (32) (32)

t 8 .
i 0 0

|

where P 1s the radius of any given circumference enclosed
within' the area of integration. . To verform integration w!thresped
tokX it 1s necescary to cefine rp as a function of X. by
We posit 1 {letter) = 1 (olne) ., e obtain
X — ao —

L C0Sa =i — —_—
ry a—b

whence

l
i
|

‘b_l_-}—acosa_ o beOST—1
" a-cosa ’ ”“—\{om—b ’
Therefore, we obtain on lihe a = aq‘-
ang —1 ———— ]

r’J:_Mv
a, + cosa

.and, on line b ®Ro .

.

Declassified in Part - Sanitized Copy Approved for Release 2013/08/02 : CIA-RDP81-01043R002200130008-1




Declassified in Part - Sanitized Copy Approved for Release 2013/08/02 CIA RDP81-01043R002200130008-1 |

n=g i | (34 (30)
___’_ b, — cosa
The value fory corresponding to the point with
curvilinear coordinates ay and by will be obtained from:
l a°=arccos91’—b“—l.
| ao_bo
Thus, by breaking down each of the integrals on the
right-hand side in J1_into two with limits from O to oo
1 ot o (33 d (G,
—— —_— (-
5 Jy Agafln 5 (@ F cosa) cosada +

By taking into accouwue- vnc roilowling equations:

LT - "‘\_'—"""“ M

— o\ .
= o - i
/ P(ao I cosa )COSada (ln p>8m ay -~ (ay @y —sin ay) +

G —l)j tenT

o uo—l —_— l—'b02
3T g, +cosa,  by— cosa,

f In el cosad a=— (ln ':‘3) sin ag + by (1 — 2p) —
p (b, — cosa) P

%o

—slnaco-i—(l—bo?)Jh o5 a

%0
g

da
—_— 3
_.._aoao_llenao.i_ao /

2
° cos?z
ay + cos a

(g + cosa

u

0
k3

' cos?e a [ dz
’ — —da=— by (s — «3) + sina bo? sy

/ by — COS « 0 0! 7 o+ b, — cosa
. ay Xq

Qy

) da 2 &y ag - 1
| e =g oew (83 %5)
0

f do __ 1 GlgT— (-t
bo—'COS“ ,do dotgﬁ_*_(] —_ bO)

%9

(ao+ ) (1- bo)

o do

-27=
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5 ' 1 T—by 0y 1 o
4 ; arc tg <tg%°—~ﬂ-6:—— = arctg 7 0 ='?=-2—arcsin i~
(] 1]
dotgF— (=) 1+a—c
. : lndotg%-l-(]—'bo) l+ao+C0
3@-’; . we obtain :
%» i 1 14a,— ¢ + !
wt\\ i —7.I‘=Ags[bo(ﬂ—ao)—aoao-*-co"po-doln]+ao+c°
,’: I _ . _
= + (g%)s [Co’ (sin ap — @ o + ao’ 3—'—2) + d? (sln ag — bo (% — o)
: A s ao:io)} . (37)
| d, 1+a+¢

in this integral the
w pass on to Ja. Since . L
bii%:;gg:.ln?'ungtion does not tend towar;d infizis.t;zmie.s cmall
ts:ge area of integration but;.tonA ;hgggn rigéughout s
it is ehough to pos
Zzﬁizﬁ. Proceeding as before, We gbt in

. 8o Bo, |
‘ —I—ngAgB(J 1nr1”cos§d8—j lnrl’cos§d§>, (38) (38)
2 [} ]
where “ x+ 1 a,,bo—}—l 1|
ﬁo_—.arccos< . )::arccos by |
LI " C? (ry is tangential to the ellipse)
’ | "= g, — cosd
| r = —-’ﬂ’a——b—‘ (rp " to the hyperbola).
t 17 cosB — by
. Taking into account the equations obtained earlier

and the follow ing

T
1
// dp =_2_arctg (ao—(:}-— '.g‘ﬁio‘
ay [\]
0

— cos§ o

B (=) (@ = 1)
| £ 2 codo
1 o L—bo _ ¥
arctg (tg%l%-) =‘rctg do 0 _— _§0_,
8 .
dp __l_m,l'!‘"o—'ao
Bo—cosg dy a,—1-+c’
o ¥

' —a,+1 |
we h.'e“ -;—-J,:::Ags[(ao-bo)po—co%_d"m %:—‘—‘l"—do——'—l] ' (39) \(39)

’

28~
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We pass on now to J3. ife may substitute (30') into
expression (30), allowing for the facf that
/ x =rycosa- [ =rycos e 1 =ab,

il.e.

rgcosa =ab —1, y =r,sine =cd.

dQ. d +‘n

. r
_ % U bbd] to—
J“’_QAgB_/ G 1+L‘"+ ( )

—C
+ €

SRR EONEIES

~Cq

By performlng the integration, we obtain'

Jy =40 gyd, o (g, c) + 2 (ﬁ) ¢ (do by -+ arc sin dp) —

-~ 4( ) do 1 (20 4 ¢o). (40)

(4o)

—ﬁo " “o+Bo=

tg c,, byco '
Jo—Jy—Jy=2Ag; [—-bon + 2aoarctg—°+2boarctggi°] +
Co l.'obo
/ g,
| +2<'5,%> [—doco (@0 + &) + o (@g €0* — body?) + by dg* & — ¢, a5 $y+
! B

+ 8,3 d, In ;iao+c°+cod bo -+ carcsind, — 2d, In (ao-l-co)]

Ul § VS idwvrmans MUy W et men

Jg—J— g."—"4AgB[—boari:tg—b°;° + ayarctg .‘.1_0] +

+2< ) [— codo(@p + bo) + @ (a0 €® — by d?) + By dg? ® — c,agh g —

— b*do In (@ + o) + cody by + cqarcsindy — 2d,1n (g + )] (41)
Therefore ‘ .

2Ag"[ bo arctg———{—aoarctg ]4

T = 2wy

+:—Y.(%§> [._c"d (00+bo)+ao(aocog_bodn)'i‘bodoz“—t‘oao,'%—
_.bo a' In (a4 + ¢o) + €4 do by +c0arCsmd°—2d01n @G+ (42 | (L2)

o—dy —Jo) =

If we write an cxpression analogous to (28) for
the effect of the AN, section, we see that the following
. . eusuations holu true for symmetric points of sectionsAN

and ANB.‘ B (r)a=(ae (]80° —Ba= (@)s:
\_ (rda= (ridm (180° — f)g = (@) 4r

~29-
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e o udt ol o o s &
i T =, N AL
e h ) SR = g Ty
\ & N TSy - . . ! . ') - N
% s o= /A . . s R 3 - Ot "
e 2 s eI

Symbols A and B indicate, in this casd, the central
section in which a point is located, For this reason, in
the expression

e o1 1 [ /cosa EPE.@.)X‘dE a
i A,\Azrt\g\m(';‘;"’a .—‘21:'{ ,-2'3 + r1‘3 ) ,
the' el in square brackets will be of a sign contrary
to that of that multipBer in expression (28). while in

section AN, , the variation of the force of gravity ls
represented by tne expression -

Ag=lgi+ (%)A rycosp + (%)A rysin

in the expression for the effect of section ANA, paralleling
expression (42), the sign of the first term (containing now
A g, as a multiplly will be inverted, while the sign of
the second term will be preserved. The latter follows from
the fact that in symmetric points of the AN, and ANp

ctions, anomaly variations resulting from the gradieént
:g will be equal in value and opposite in sign, when

Y ayd,
+ b) + @4 (g € — by do?) + by dg* T — €4 ag? b — b2 dy In (a5 + &) +
+ ¢y dy by + coarcsintiy — 2dyIn (a4 o)l

Thu

(b‘i) i (*o AN, :
X /i
dxla TN 2l bl mareta ]+ (5) 1ot

By combining the expressions for A—’%—A and A—{-‘g s wWe get:
dy

T [(g:%)A + (g_%)a] ;‘l-‘?[ — ¢o Ao (Ao +bo) - &g (66* g — bo Bo”) + bo Ao = —
— o A3 —bp? dy In (ag + €5) -+ ¢ g Bo+ € arc sin do—2 doin (ag+co)).  (43) (“-3)

AN, +AN, 2 b AN
__ALII'_‘_L—:(AgB—AgA)ﬁ[—b.,arctg azc" +a°arcth;‘-’]+ I

Values may be assigned to a, and b, arbitrarily in
(I+3), limiting their selection only by the consideration
that variations of Ag within the area they define may
be consicered linear, Therefore, they must be chosen 30
that tHermultiplier for (Agp - Aza) becomes ‘equal to zero.
This condition may be written as: ’

' l
¢

ao;;-}-aoarctg%’::O. M ‘(I.)

~—= - lblodenskiy adopted the following set of values, which
satisfy approximately the conditions of the equation:

! - K, =— boarctg by

-30-
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: *‘g%g 55»";?%_:;&"

To these values correspond:

: dy = 0,4274,
f ¢o = 0,5774.

I .
Since the values selescted for ¢, and d, only come close
to satisfylng condition I, we obtain:

2K -

T

lraals
- rorlgy “Agy = 60045 en 15 unlikely even in a highly
anomalic mountainous area, serrors in the elevation of the
quasi-geoid amount to only 2 em for 1 2 100 km. .Such an

error may be disre ded. %%r a_coefficient L for the.
(GO
L

+ 02661079, when y 1s expressed in milligals.

anomaly gradients -] » we obtain from formula

(3) 2 .
= - 0.000 000 066 9506, ifY is expressed
in mil&igals;
L" = 9" L" = - 0", 013810, where ?: 206 2657,

Molodenskiy writes formpla (43) somewhat differently,
Specifically, he omits the last three terms in the expression
for L as a result of the minuteness of their total. TUsing
Molodenskiy's formula, we obtain

L" a-0",01L43 80.

Molodenskiy's paper / 1_/gives =0."0151 as the value for
L", apparently as a result of an error in calculation . In
the case chosen by Molodenskiy, when ¢, = 0.5774 and dy =
0.427l, each of the sections is enclosed in a quadrangle
with sides measuring 0,2506 along the x axis and 0.4,936 along
the y axis. For AB m 100 km (1 = 50 lkm), the side on the
x axis attains 12,5 km, while that on the y axis equals 25 km,
The ract that the extension of the section along the y axis
is twice that on the other has no great significance, since
the anomalies situated above and below B do not affect
significantly the component of the deviation of gravity of
B in the direction of x. Molodenskiy did not find it
efficient to reduce the area of the section, since the L
function changes so rapidly in the niehgborhood- of the pole
(cf. expression 17) that largererrors might creep in in
numerical integration thgn on the assumption of the linear
variation of fg within the section. )

We have adopted .the following set of values, satisfying
equation I: -

ety = 0.356
ary = 0,310

To this set of values correspond:

al 1.061
bg = 0,9500.

-31l= -
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? N

Since our values for ¢!  and d', approximate the
condition of equatﬁgn I, the value of
_24/_‘/,’: —41/9./0"7/

7
if Y is expressed in milligals.
The coefficient L" for the gradients in our case squals

L% = = 0",006335,

each of the sections peing enclosed within a rectangle whose
sides equal 0.1112 along the x axis and 0.2215 along the

y axis. For AB = 100 km (1 = 50 km), the side on the x
axis attains 5.5 km, that on the y axis, 11 lm.

’

.
dp'o."?ﬂ'

TS d,-03106

Ca=Q5774 ,
7

Fig. 1.

In Fig. 1, the curves ¢, = 0,577l and d, ® 0.427h4 _
bound Molofenskiy's central section, while the curves o'o =
0.3569 and dig = define our section.

el

-32=
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The ef'’ect of the two sectors ¢4 and c, which are
.equal in area may be calculated by means of the Gauss

04374 40,5774 ’

&l(ﬁ_)_ = [ 8d [ AgHM(qb) ac=%§fhégm

T\q«..‘._—--‘ - 4

H

0 +0:3569

——— M kW v v Vv v wuuv UL

o usverminea vy wmeans of
T~ TATTAamdvnes avuninlnae
04274 40,3569
| AN [ad AgM(a,b)bc:-_g,;%}A,Ag,.
03104 —013569
VELUGD LuL “K vuslLLleclencts Lor V&.L‘,YJ.Ilg nwaoesrs f
ordinates are given below, with the x and ¥ coordinates
of corresnonding points. X and y coordinates are expressed
in units of 1, while Ay coeflicients are given in units
of the fifth decimal figure. For the ¢y seczor we obtained:
N 104ek 1 2 |
€ [ 1‘
d, dy <
— 1125 — 57
1,0992 1,0391
= 0,0422 & 0,1575
+49,6 +19,6

Ne royex 2 3

¢ . ¢ ()

d d; d dy

dy, — 450 — 616 — 182
] x 1,1032 1,0927 1,0575
| y = 0,0139 < 0,0659 < 0,1338
!

Ag +51,6 +46,4 +28,8

Nerogek | 2 3 4 5 6 7 8
N [ ¢y ¢y [ C3 [ Cy
dy dy dy d, d, d, dy d,
- 307 — 385 — 70 <+ 36 —170 —248 — 95 0
x 1,0779 1,0676 1,0332 0,9894 1,1316 1,1208 1,0847 1,0387
y £0,0120 =+ 0,0569 + 0,1155 & 0,1605 = 0,0158 + 0,0749 4 0,1520 <. 0,2111
Ag 38,8 +33,8 +16,6 — 5,3 65,8 +60,4 +42,4 +19,4

Ian yuactka ¢y

Ne royex 1
’ €y, €y
d,
» 4315
0,9643
#+ 0,1020
—17,8

1 2 3
€1y €5 Ca €4 Cy
d, : d, d,
4+ 89 +541 41258
0,9769 0,9465 0,9295
== 0,1193 £ 0,0709 0
—11,6 —26,8 —35,3

-33=
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N .3;; 3

No of
points

l M touex i
L c € 6

d dy

Ay + 38
x 0,9813

Ag -— 9,3

No ot 1 2 3 I

oints : -
P % rovex 1 2 3 4 5 6 7 8

€ &6 €n €7 €y C Car Cs €3 14: Cs € e

A 4 i, d, dy d, dg dy dy
Ay, +12 42 478 494 4308 257 4550 4390
x 0,9948 . 0,9664 0,9746 0,9469 0,9520 0,9249 0,9422  0,9153
y = 0,1135 4 0,1364 o4 0,0887 & 0,1066 = 0,0485 % 0,0583 0 0

Ag —2,6 —168 12,7 —26,5 —24,0 37,6 —28,9 —42,3

The sign of Ay coefficlents and values of x should
be reversed for symmetrical polnts in sectors ¢y + ¢
and ¢» at point A, The values for the quantity Ag are
explained below, -

The effect of sectors cj+ ¢; and cp equals the
difference between the eil'l’ects of areas gounded)by the
curves (cg = 0.577l, do = 0.4274 and ety = 0.3569, d' =
0.310l). The difrercnce between the effects of these
arcas, expressed in units of 1 for the case when Ag
anomalies.are constant in Molodenskiy's sections and

Aep = L, with Aga = 0, equals \
H= -2-(K1 —K') = + 107° (0,226 + 0,214) = 1079 0,480. |
L
—1rnis ditference 2::111::.1: Ah~|\,\'|2
(;»7% “*)2cn+("p7§ A, \
For varying numbers of items in the expressions of

g”z AxDg, for sectors ¢y + ¢y and c,, We getb:
¥

7 9 15 30
10-9x 4211  +14,9 43,1 40,78

. Total number of points-
in area cj + ¢ 4+ 021
H

|
Co
dhen Agp = 600mgl, Agy = 0 and 1 = 100 km, -the
corresponding error D in %he elevation of the >uasl-geoid
(in meters) equals:

Total numoer of points;
in arca ey 4 ¢ 4 Cp/ T° 9 15 30
}J /413 409 402 40,05

ForAgB = lOOngl,A.gA = 0 and 1 = 50 km, the error
in the elevation of the ~uasi-geoid (in centimeters) ecuals:

-3l-
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Total number of points
in area ¢, + ¢ co 7 5 15
S+ e+ Juowr 4o

Wnen the difference Agg - A gy = 4omgland 1 = 50 km
(this case may be consiaered tyvnical for flat .areas),
the error in the elevation of the quasi-geoid (in centi-
meters) ecuals:

Total Number of pointd 7 9 15
in area ;l + ¢ 4+ cal +4  +3 41

In this last case, the error i1s low enough “hen we
use the Gauss for.:ula with a small nuiber of ordinates
(7 points). The corresponding grid may be recommended
for practical use, It should be remembered that the error
in the result will be different for a different distribution
of anomaiies. The use of a grid with a greater number of
points should provide an adeauate control,

The calculations of the A, coefflcient for the ¢q 4¢3
and cp sectors and of the coe%ficients for the anoma}ies
of the force of gravity in the reduced central sections and
Molodenskiy!s central sections were checked in the following
manner. Two astronomical points were taken on a flat Earth
at a distance of 2x 2 1 = 1000 km from one another. The
gravitational anomalies in all sectors ecual zero. Only
in the central section of lMolodenskiy, containing astronomical
point B, 1is the gravitational field accurately described
by the gradient LYY - 1 :”ﬂ_g_l_ . At point B, AgB 2 0,

x. km

AN
ATIN
A A

TN

| _
Lo |
‘l N -40 -30 -20 -10 08 10 20 +30 +40 +50 +60 +70

! Fig. 2. T

The effect of all sectors of Molodenskiy's section was
determined in two ways: 1) by means of Yeremeyev's grid
(the values of the coeflicients of Yeremeyev!s grid were
used with a larger number of significant figure's than

appear in pavers / 3/ and /[ 2_/), using the coefficlents -
~35m=
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calculated for Ay and L". In using Yeremeyev's grid,

the caloulations were based on fomula (28). A gravimetric
map on a scale of 1: 1,000,000 (Fig. 2) was drawn for
Molodenskiy's central rection, containing point B, For
purposes of plotting the map, coordinates were a@lculated
for the points outlining areas ¢, 4-¢5, ©Cp» and the
central sections. Yeremeyev's gr}d yiglddd the following
results:

1 (1 P [agl%8 24
Qn}',/-\grgdz 27T-Yfg Rt
+ 0,820 + 77,23
+ 0,077 . + 37,20
41,122 .- 4 27,66
— 0,379 . +1°,3

Molodenskiy's central sectior
Reduced central section
Sector ©3 4+ €1
Sector cp

The effect -~ 1

1 lf cos B
pgtdy n ——[4g55Ed
Qangr, 2 2y r?
;o

may be easily found by aporoximation

1 1 Agep. ©
_t o fag—dS =—o
g,q,f gr1 ) 20-2my

p Agc ap"
p” 1 =
o) 273 P AT Ty

where Agc is the mean gravitational anomaly for the
correSponaing gsector, and g 1s the area of the sector.
In this manner, we obtained k«wi , .
’ Ag—d P [ag 2K
2n‘{f grl Z Qnyf £
Molodenskiy's central sectlom + 0,049 x + 07,01
Reduced central section + 0,003 . 0*,00

Sector c1 4+ ¢ + 0,062 . + 07,01
Sector co ) — 0,016 , 07,00

In units of the firth aecimal figure, we now obtain:

M:lodenskiy'!s central sgction { — 3,36
Re uced central section 1,54

Sector c3 + ¢, — 1,08 |
Sector c2 — 0,74 |

Using khe coeflicients A, and LY, we =etb:

Molodenskiy's central czectlon , _ 335
Beviation,im percentage 0.3
Reduced central section — 1.54
Deviation, percentage do

-30_
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Sector ¢4 4 © ; - 1,14 -=1,12
Number o% points 4 8 16
Deviation, percentage 6 6 4

Sector ¢ —0,76 —074 —0,74
Number o% points 3 5 7 14
Deviation, vpercentage | 8 3 0 0

In determining the effect of sectors cy 4+ o1 and ¢p
from the Gauss formula, we used values for anomalies Ag
in milligals given above. Deviations in the effect of .
sectors cq 4¢3 and ¢ is to be explained by the inaccuracy
of the Gauss formula, and decrease as +the number df ordinates
is increased. In using a grid with seven points, the
highest deviation in the total effect of sectors ¢, 46
and ¢. will amount to 7% of that effect, In an area ot
flat Felief, the effect of the entire Molodenskiy sectlon
can hardly exceed 0,50 m. In that case, the error in
gquestion will amount %o 3.5 cm. We may resign ourselves
to an error of such magnitude, considering that 1t is
g 1imit value for an area of flat relief,

Thus, the foraula for the effect of the central zone
of Molodénsx«iy's elliptical grid may be written as follows:

r

L M\;A—f- ANg o 9g ((lg_ | IAR OTCeKos
& 0 = — 0",00690 <0x>A+ 2%), i ‘111

2 MOA0AEHCKOrO

or .

T AN, + ANs _ _ or 00317 <in ‘ v."_éi>]z+ 4 Agy 11|
{ 0 A21 V8 — _— 0",00317 y A+<’6x . 2;, & 8 \III

] i
where x and 1 in the left-nand portlon are expressed in
jdentical units. For practical purposes, another form for
these for.ulas is preferable.

Finaing the graiients for Molodensxiy's sectors in ¥he
following manner

; (ng) _ Agg,—Bgy, _ Aga,—3&, . since |% =115 726,

! 0%/ @y—b, 0250663 |y = 0,904 063,

: (?_g) _ Agy—3ga, _ Ay, — 384, | ap = — 1,164 726,
ox/,

e

b a, 0250663 ' X WA sinee i, 0,904 063.

and suostituing into formula II, we get

| AN+ A e }
“ ~ p! AQ[ g8= +0 02755 [(Agﬂo—Agbo)A+ (Agb“— Agﬂu)B]' v ;‘ v

After similar transformations, formula III will avvear
as fO.L\ o JM — —+0",02849 [(A8a7, — Agh')a + (A, — Aga' sl + .
oo 2l '.
! - 1
; + 2, Ay Agy v \]
k
It is desirable bo use tor.uLae LV and V inintly

=37
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for purposes of verification when perfofming astronomical

and gravimetric leveling on the basis of cluster surveys
) and a general gravimetric survey.

In level areas, term
. %Akﬁjk may be composed of seven items. The corresponding

) grid is shown in Fig. 1,

In mountainous areas (when k£0.01), a grid with a
greater number of points should be used for comparison.
The effect of central sections in performing astronomic

~nd gravimetrle leveling on the basis of cluster surveys

is gaged by means of gravimetric maps of the immediate

vicinitles of astronomical points. Such gravimetric maps
- are drawn on & scale of 1: 100,000, They must contain
astronomical points, gravimetric points of the central and
first zones of the cluster surveys, points for which
anomalies are found in determining the effect of sectors

¢} +-c and op by means of the Gauss formula, and the
points:

X:&o x = gt

o]

X

X

X

b d

X = - by x

- b'O'

The schedule of calculations
be recommended.

In the example given, the divergence of the results
obtained for Molodensuly's sections and for ours is negligible.
However, in some cases the divergence has been known to

. attain 16 cm. The reason for such a great)givergence was

given below (Table 1) may

the incorrect determination of gradicnts in calculating
the effect of Molodensxkiy's sections: use Was made of
anomaly gradicnts at astronomical points, instead of mean
gradients in the central sections between points x = a_,
X = by and x 2 = 85 5, X 2 = by, which should have been used.
Divergences in meters have been found for the effects
of central sections in a single polygon of astronomic and
gravimetric leveling (level area)(Table 2).
The area’s,, within which gravitational anomalies are
- taken into account in astro-gravimetric leveling, is
divided by Molodenskiy into six sectors 8, ~ Sy, in addition
to the central sections defined_by him. %he effect of these
sectors is cetermined from the Gauss numerical integration
formula. Molodenskiy provides formulas /717 for the
calcuration of the Ay coefficients in various sectors.
The ellioticel geid of 1937 contalns & large numher of
points in this portion of arca 9.: they number 70 around
each asctronomical point. This must be considered adequate
for both level and mountajinous areas,

Molouenskiy hasZ bounded by an ellipse, whose small

-38-
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H . ‘ N . P~ 4 v, Iy i K .
- v‘.‘ﬁ P B 5

Points Astron. pt. Astron. pt.
A B lsgl

+ | +
+36 - 0°,48262
+20
+17 ANg4+ANg=—0,28 u
+ 7

a’y

b’y
8gb'—38a’, ' | —9

a, JAN4-ANg _ . .
" pr ANE — 0752345 |

38py — Agq, +2755] AN +ANg= —0,25 u

Table 2 ..

—
For mean gradients
in reduced section

and Gauss formula

No. of For gradients  For mean
+links of asiron. pts. graailents

F T

CoOoDOREeOS

—_—_oCWeQ— O

°

f+111
O\]HNOPJSA

+

L S OO~ U W N

|

1

semi-axis ¢ equals 2.828l 1, and whose long semi-axis & & = 1.
In his paper / 2_/, Moloaenskiy recommendsglengthening the >
radius of areal to L4 1. Therefore, we will add four more

. sectors to llolodenskiy'!s area 2, enclosed by an ellipse

& whose long semi-axis-a = 4 1 (Fig. 3). -

‘ ) The effect of sector 8- on the elevation of the quagi-~
geoid’_lj(B - Np may be written in the following form: ____

; 1 38730
! w;fad f Ag M (a, b)c.

‘ (] 28284

In integrating for ¢, let us take two ordinates (n = 2),
and for d, five ordinates (m =-5), The expression for
AN(S:{) may then be transformed as follows:

-39~
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T AN(S 2 s
\ Ll(sﬂ = 1,046 5 T AyBp Aty M (@ b)=0" 3 A 380

n=1 m=1 k

The value of the subintegral function must be determined for
% €, = 2,8284 41,0446 x,, J
[ dp = Y- _

We have repeated Molodenskiy's calculations and have
been convinced of the accuracy of most of the coefficlents.
The small inaccuracies that do occur will be correctdd
in a table to be avpended to the instruction manual on

astro-gravimetric leveling now in preparation. In tha®
table, sectors S3 and 87 will be combined.,

Pig. 3.
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THE SOLUTION OF 'YHE INTEGRAL EQUATION DESCRIBING THE FORM
OF THE EARTH

works of the Central Scilentific M. I. Yurkina
Research Institute of Geodesy,

Aerial Surveying and Cartograohy,

No 121, pp 41 -j2

As shown by M., S. Molodenski 1/, 2 the
disturbance potential T may be dZtégézgeéf;IZ; the aid
of the auxiliary funétron, whose physical meaning
aenotes the density of a simple layer distributed over
the surface 8 of an ¥Earth of the first approximation®,
The area of S 1is obtained by plotting frém the reference
surface only normal elevations H., In this connection,

- _ (2

where r 1s the distance from element dS to the point
concerned., To determine le we need to solve the integral

e ~uanatlAane
)

\:«3 1 [ o?— p2
21tcpc05a:(g— +_fids P Po
K To ) w0 O @

in which g - isthe gravitational anomaly measured

on the physical surface of the Earth; ™ 1s the angle

formed by radius vector Q,, drawn from the center of the
surface of reference to the point wheref® is to be determined;
f) is the radius vector of the field vdint of surface S.

n his paper / 2_/, M. S. Molodenskiy provoses to solve
equation (2) by the isolation, in the gravitational field

of the Earth, of a basic portion corrcsponding to the

usual approximate solution. M, S, Molodenskly proposes

to describe tvhils wortion of the gravitational field by
means of g ~ anomalles, rererred to the sphere of reference.
The corresponding components of the elevation of the
cuasi-geoid and the deviation of the vertical £t a point
on the physical surface may be uetermined by means qf the
generalized Stokes formula and the generalized Whning-Mgines
formula. This was the srocedure in calculations following
Molouenskiy's formulae on a model / 3_/, and in test
calcuiations foliowing tne same for-ulae in the Crimea [h /.
These researches have shown that in mcuntain areas ( when
the points under study are at significant altitudes),

vaitues for elevations of the quasi-geold and deviations of
the vertical are more nearly true if obtained from Stokes
and wening-Meines formulae than by means of generalized
formuiae. For tils reason, it is advisable to de?ine
difrerently the basic portion of the Earth's gravitational
field in some instances. S

Let us araw a sphere passing through the point under

study, with a radius equal to R +-H° and a center colncident
with that of the reference sphere R. Let us then assume

-hl-
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a simple layer on sphere R+ H,, and have its aensity o
in the vicinity 5, of the point under study in projections
of elements of surface S equal g -1Y .

- 29 T

The potential T of thig layer at the point under study

will eqi - _ _ |
T=f idﬂ:-l—f-g—lds. *
ry 2n ry E3)
a relative error of Eg.in the result,
we may assume in our calculations tha® the radius of the
sphere $_ equals R. The effects of E andM of the layer
on the deviation of the vertical at e point under study

are determined in~ T 7 : ] !
\' =—'—“f(g—*()—cosAd:, !
2=y n? |

7,=_..‘_f (g — )= sin A dZ:
2wy r?
A

The values fé__._=gu“__m, e - nined
from anomalies of thé area asround the point concerned by
means of the Stokes and Wening-Meines formulae. Thus, the
gravitational fie.d of a simple layer will aprroach the
gravitational field of the anomalies of the area involved.
For this reason, it is convenient to consider the gravi-
tational field of this layer as a first a~nroximation of
the Earth's gravitational field. The gravitatsonal anomalles
corresponding to the material layer of 5, at points of _

the physical surfacef __ oF  oF
’ 'g=‘<a—+—'> :
! pP/s

¢

#hen H - Hy, we _
2T
gince, in that case,
o1 \
. = — 2 fo=—(g—Y) R
In adding to the dp -« wawmpLu iayer with a

density of =6 = - —B-=# , allowance wust oe made for the

displaceaent of the center of the Earth's mass.,’ Reslidual
anomalies »g may be determined by Molodenskiy's method [T?_Z
The correction$ in the aeviation of the vertical for the
inclination of the Earth's physical surface in our case will
be small. Its value will be: ‘ : .__\

[ 5=“‘—2—n‘2—'zcos(n,l),
Y P

i S
where A 1ls a directisn parallel to the reference surface in
which the deviation of the vertical is determined. :

In§ termination of an a ;proximation of the first order
for the gravitational I'ield of .the Earth by Molodenskly's
method, the value of 5 for Yeremeyev's model Z:3_7'attained
I".084 1In our case, § amounts to 0".10 for the same point.

~ho-

. I . g = i ]V i . ” >
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8 simple layer on sphere R 4+ Hy, and have 1its aensity @
in the vicinity 5o of the point under study in projections
of elements of surface 8 equal g = X .

290

The potential T of thig layer at the point under study

will eqt _ _
Fof[Las=21 [E=Yan (3) E
rn 2r ry [
b

3)

Allowing for a relative error of 20 in the result,
we may assume in our calculations thaB the radius of the
sphere ¥ equals R. The effects of E and™ of the layer
on the deviation of the vertical at e point under gtudy

are determined ix _ 1 1 '
§=———f(g—¥)—‘C°3AdS, l
2wy r? !

%

E 71=——3—f(g—y)lsinAdz.
1;1 . L2 n’ i

The values o mEHRnums pmm— e ined
from anomalies of ths area around the point concerned by
means of the Stokes and Wening-Melnes Tormulae. Thus, the
gravitational fie.d of a simple layer will aprroach the
gravitational field of the anomalies of the area involved.
For this reason, it is convenient to consider the gravi-
tational field of thls layer as a first a~nroximation of
the Earth's gravitational field, The gravitational anomalies
corresponding to the materisl layer of S~ at points of
the physicel surfaceF .

—__ (T 2?)

: _i'——<dp+p s

When H - Hg, Wwe have _
2T

Ag=—g—y——
g§=8—X o

aince, in that case, 3
f‘ So= o= —(g—1)
In add ing to the"‘ 14 ._:‘,--,au—-owlu!'-"-lfc _u.a'yer wi th a

density of =6 = - B.=3"F1lowance must oe made for the

displaceaent of the center of the Earth's mass. Residual
anomalles ‘Sg may be determined by Molodenskiy's method [Té_z
The correction$ in the sevietion of the vertical for the
inclination of the Earth's physical surface in our case will
be small. .Its va __K

cos (rn, A),

where XNis-a direct “h parallel to the reference surface in
which fhe deviation of tThe vertical is determined.

In§ termination of an a ;proximation of the first order
for the gravitational field of the Earth by Molodenskiy's
method, the value of S for Yeremeyev's model 173_7'atta1ned.
l{".084 In our case, § eamounts to 0".10 for the same point.

"")-}»2“‘
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g simple layer on sphere R 4+ Hp» and have its density @
in the vicinity Fo of the point under study in projections
of elements of surface 3 equal g =% .

2mft

The potential T of this layer at the point under study
will eaqt = 1 (g—1
= f $=— | =—d3. 3
21\'.,:“ r 13)

Allowing for & relative error of 30 45 the result,
we may assume in our calculations tha® the radius of the
sphere Z.. equals R. The effects of and n of the layer
on the deviation of the vertical at the po nt under study
are determined i,r‘ T

Fm— L [(g—1) 5 cos AdS, |
e ry '

- 27
PR S

Y
———— . ‘a-AY,.

— d e—

The values for T g and 7} are close to those deterﬁinel

from anomalies of thb area around tne point concerned by
Stokes and Wening-Meines Tormulae. Thus, the
gravitational fie_d of a simple layer will aprroach the
gravitational field of the anomalies of the area involved.
For this reason, it is convenient to consider the gravi-
tational field of this layer as & first a-proximation of
the marth's gravitational field. The gravitatsonal anomallies
corresponding to the material layer of $n 8T points of.
the physicel surfacefl  _— oT  oT
[ w5,

W

#hen H - Ho, we have B

o7
._Y____p_,
since, in that case, N e,

; |

. In adding to the rial Earth a simole layer with &
dengity of =& = - Eﬂ} , allowance wust oe made for the
displaceﬂent of the center of the Eertn's massS. Residual
anomalies otermined by Molodenskiy's method / 2.4

eviation of the vertical for the
inclination of the Earth's physical surface 1 ‘o;\.u*;case‘ will
be small. Its value will beg- e

),
where Nis a directisn parallel to the veference surface in
which deviation of the vertical is determined.
InyBEtermination of an a ;proximation of thevfirst order
for the gravitational rield of the Earth by Molodenskiy's )
method, the value of § for Yeremeyev's model [ 3.7 attained
L*.08s In our case, § emounts to 0".10 for the same point.
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DET?RMINATIONS OF A GRID FOR THE COMPUTATION OF ELEVATIONS
OF THE WUASI-GEOLD AND DEVIATIONS OF THE VERTICAL FROM THE
FORMULAS OF STOKES AND WENING-MEINES

.Works of the Central Scientific V. F. Yeremeyev

Research Institute of Geodesy,
Aerial Surveying and Cartography,
No 121, pp L3 - 75

A grid computed at the CSRIGASC in 1941 is currently
in use for numerical integration in theg calculation of
deviations and of the vertical and elevations of the
quasi-geoid.” The grid is designed for the use of the
Staxes and wWening-Melnes formulae, and 1s described in a
peper by the author in Collected paper
195, The grid 1s designed for ueterminations of ¥ and
with an acarascy to 0".1, and has the following progerties:

1. For taking account of the effoct of anomaly fields
outside the central area containing the point concerned,
the area is divided into sectors (spherical trapezia). The
mean value for the gravitational anomaly must be lnown for
the area of each sector.

2. Within each of four groups of apnnular zones with
gpproximate radii of 5 to 100 lm, 100 to 300 km, 300 to
1000 km and 1000 to 2000 lom, the effect of all rings on
the deviation of the vertical is equal. The coefficlents
gescribing the effect of rings of various groups on the
deviation of the vertical decrease as the group is further
removed from the center of the grid. The trapezia within
each ring differ in area end, therefore, at'fect % and ?
une jually, namely, in a manner prooortional to the cosine
or sine of the azimuth.

o The central zone within the 5 km radius i1s accounted
for sepqrabtely, by means &f a grid especially designed on
the basis of numerical integration formulae of Lagrange and
Gauss (for points). The grid for computing the effect of
the central zone is designed in three variantss: a) with
one radius, for an even anomaly field with a small gradient;
p) with tnree radii, for & morse complex anomaly field; and
¢c) with five radii, for unusually complex anomaly fields.

cribed has been widely used, 1ts method
of calculatio £ been published. The mresent i
article presents these calculations, which are of methodological
interest; and demonstrate the sufficient accuracy of the

gride
T, GCalculation of Grid for the Computation of Deviations of
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D%TFRMINATIONS OF A 6RID FOR THE COMPUTATION OF ELEVATIONS
OF THE QUASI~GEOID AND DEVIATIONS OF THE VERTICAL FROM THE
FORMULAS OF STOKES AND WENING-MEINES

-Works of the Central Scientific V. F. Yersmeyev
Research Institute of Geodesy,

Aerial Surveying and Cartography,

No 121, pp 43 - 75

A grid computed at the CSRIGASC in 1941 is currently
in use for numerical integration in the calculation of
deviations and ¥ of the vertical and elevations of the
quasi-geoid.” The'grid is designed for tne use of the
Stéxes and Wening-Meines formulae, and 1a described in a
paper by the author in Collected papers on Geodesy, No. 8,
19/i5. The grid is designed for ueterminations of ¥ and
with an acaracy to 0".l, and has the following properties:

1. For taking account of the effect of anomaly fields
outside the central area containing the point concerned,
the area is divided into sectors (spherical trapezia). The
mean value for the gravitational anomaly must be known for
the area of each sector,

2. Within each of four groups ¢f annular zones with
spproximate radii of 5 to 100 km, 100 to 300 lkm, 300 to
1000 km and 1000 to 2000 km, the effect of all rings on
the deviation of the vertical is equals The coefficients
describing the effect of rings of various groups on the
deviation of the vertical decrease as the group is further
removed from the center of the grid. The trapezia within
each ring differ in area and, therefore, af'fect % and ?
une yually, namely, in a manner provortional to the cosine
or sine of the azimuth.

3. The central zone within the 5 km radlus is accounted
for sepqrately, by means & a grid especially designed on
the basis of numerical integration formulae of Lagrange and
Gauss (for points). The grid for computing the effect of
the central zone 1s designed in three variants: a) with
one radius, for an even anomaly field with a small gradient;
b) with three radil, for a more complex anomaly fileld; and
¢c) with five radil, for unusually complex anomaly fields.

The grid described has been widely used, its method
of calculation has not yet been published. The i esent
article presents. these calculations, which are of methodological -
interest; and demonstrate the sufficient accuracy of the.

grid,. |

I. Galculation of Grid for the Computation of Deviations of
- of the Vertical

As we know,

POTTTITE

‘
©E
iy

- 7 E=" [ ff(g__ ‘T) Q(lp) cos « d$ dz,
/ 2 1Y, ;
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wher’ F(q;)__—-sm«p [csg%—ﬁsm—-{—l—hos $—

— 3cos¢ln (sin% + sin’—‘f’;—)],
3

—_1 a'l‘ ¥ Y agaad _
Q) 2 cos lcsc -}-12sin2 3231n‘2+

l+sin-?§-
—12s8i3 2 1n (sin L AT i) ,
2 2 2

R is the mean redius of the EBarth, Yo is the mean value
of normal gravity on Earth, g 1s the measured force of
gravity, is the normal value corresponding to the
measured g (calculated from the normal elevation and
latitude of the point), is the angular cistance between
the point under study and the figld point, and of 1s
the aximuth of the field point.

In solving practical problems, cne is confined to
determ:.TéSsr the effect of a limited area on é) ;1 and Q.
For LP(_ » 1t may be posited that

4 |
Q=—<—’_—+B+Cr>, ;

|

whep‘/ !
/ r=tRsind, A=139"s, B=0"315, C=0"00006, \

&

/f R = 6371 rau.

Let us single out a central zone of radius r, = 5 km,
whose effect on the deviation of thc vertical we will
calcuiate separately.

1

(4)

fngQ, (r) cos a dr da

Ro 21\', \
o 0

or, re: lacing the double integral by the final sums,

= > Z Agy, Q, (r) cos «; Ar Aa. (5)

2'n:R (5)

)
1
|
|
|

Let us now resolve the interval of integration from
ro to R, invo tnree annular areas, roighly from 5 to 100
km, from 100 to 300 kmn and from 300 to 1000 km.

#e may then spiit up each annuiar area into concentric

-l 5=
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= 2r

(g —1) Q@ sin d s,

e e —— TN T

i‘-"i+,n

~

- — - E

R 1s the mean radius of tne Earth V is the mean value
of normal gravity on Earth, g is the measured force of
gravity, is the normal value corresponding to the
measured (calculated from the normal elevation and
latitude of the point), is the angular cistance between
the point under study and the field vpoint, and o 1s
the aximuth of the field point.

In solving practical problems, one is confined to
determl?&ﬁ% the effect of a limited area on % , i end [
Forlf(, » 1t may be posited that .

!
w )

- 153 6,58 =0"315, C=0",000066,

R = 6371 K \.

where

Let us 51ngle out ‘a central zone of radius r, = 5 lm,
whose effect on the deviation of thc vertical we will
calcuiate separately.

Then

L Ry 2 |
j-/Ang(r)cosadrda (4) “ (L)

o O

[ = 2nR

or, rei lacing the double integral by the final sums,

E 21lue ZZ B¢y Q, (r) cos a; Ar Aa. (5) l (5)

i
- |

~ Let us now resolve the interval of integration from
ro, to Ry into tnree annular areas, ro.ighly from 5 to 100
km, from 100 to 300 km and from 300 to 1000 km.
e mey then spillt up each annular area into concentric

L5~
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zone~ -~ “r;""‘~—-r;-—-.
fQ',df:ledr=- . .=const.= P
T ry

- -~ d ACA L, Do

i;, Q, Ar= P =const, 3y

whéTe Q3 1s the mean for each zone. It is clear"—'t‘xat_for
this -urpose, we need to compute the radii of the zones
from the formula

B C P
Inr,=In ro-}i-Xro+§—Ar°°+7 k——

or, in common logarithms,

E—my"d‘ﬁfiiiing the area of integration from 5 to 100 lm
into 16 equal sections, and the remaining two annular-areas
into 2l equal sections, we obtain

p—— T SP"1 F)n2
v 1 Ag, cos e, + —, Ag, cos ;4
§ lGRz,'z; ik l+24R§,~:§ 1* (

Py .
—3 Ag;, COS @
+24RZ,%' 8ix i

Let us tak
PII! P"n " P”l — O
1 07,005, = — 0",002, —% = —0",0015
16 R ! 24 R 24 R -
and calculate by means of sequential approximations the
value of radii r, from formula (6'), reduced to the
working form

g Ig ry = 0,69948 - 0,000324 kP _ 0,000102 7, — 0,000000011 r,2, (8) |(8)
where 1, 1s expressed in kllometers, .

At the same time, we may calculate the radii of the
grid zones for a flat anomaly field from the formula

=TT
i

E; lgr,,:lgro-i-—M;:—) k, (9) (9)

which is wrrtten in that form because, .for a "flat Earth",
vie have S A

N B
QR I

These values wii. be needed-in subsequent checking -
operations. :

‘The following integrals have been calc'ulatid for
determining the effect of the trapezia for i
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",
f S (¢)sinp dyp= [~—
$1 _%sin’ g1 (sln %-}- sin? q‘)]

W 18, ¢ ¥ _gamteostt
f}%S@)smq’dq’ { ¢+cos————2—-sm2 2 sin g 7%

cos tH- cos? ¢ + 2sin -—(‘.——cosw—{-——)

$ cosd
-l—lfism'z 4 cos-qi— 21In tg—-—-{-(—-u{)-— 3 sin —2-cos g +

+ 6 sin® i cos -—> In <sln —~ +-sin’ )l | #

$
d,cosi 4, lhq’sin”i‘di_s
“g q»d 23] gt 2
l 2 sin 5 cos 2
we—may Tepresent the sum n of the last three terms by
the series

128 150 v 3072

_ 61 " } $s 3
B o 491620 © " Jle, Table 1
Racii of zones in uilometers Radil of zones in xms

=3y _Bgan Ly 3 gy 1 os 6 1 41
[2¢ S e o

For flat fieira For spherical No of For flat For spher
ol anonalies fd of anomal. zones fd of an fd of an

— e —
I

5,0 5,0 X1V ]

73 73 XV 389,9 357,8
10,7 10,7 XVi 462,7 418,1
15,7 15,7 Xvii 549,2 87,4
22,9 22,8 XVII 657,7 566,6
33,5 33,3 XIX 773,5 656.6
49,0 48,5 XX 917,9 758.0
70T 70.6 X1 1089,4 872,0
104;9 102,6 XXI 1202,9 1000,0
X 131,8 128,0 XXH 1163.7
X 165,7 159,6 XXIv - 1345.5
Xl 208,1 198,6 XXV 1543,6

xn 261,5 26,7 XXvi 1763,9
X 328,6 305,4 2000,0

‘“‘2170 O £m-

F'ornf: = s We may confine ourselves ‘lo taking into

account the term containlng (f' at the fifth power. Thvs
-l 7=
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will ensure a correct value T4, 77T TTeimal in the
d .
value for the integral ffTFS(q’) sin ¢ dy
%
86 es for this integral nave vecu cvaxculated for
= s where x varies by intar¥als of 50 Bm from

to 1000 km, Interpolating on the basis of every third
difference, Xxmx radii were determined for the five zones :
in one sector of sach of which trapezia affect the deviatior1°}
the ve.tical equally,
Each of these zones 1s divided by the radii into 48
trapezia of equal area (in this -case, the trapezia are close
to being squares).
The radii obtained by this means for zones from 5 to
2000 km are given in Taole 1. In an earlier paperst the
author provides erroneous values for the radii,
The value of the ¥ ceviation of the vertical in latitude
aetermined by means of .ao grid wifhthe values listed in
Table 1 for an anomaly field without a central zone of a
radi.ug_rA = km 13 avynnmaccaa wee L. alaa__a__ I - T,
el A=Vl 16 a=Xul 24
§=—10"005 ) 3 Ag,cosa,—0"002 Y YAg, cosa, —
‘=] k==l n=1X kel
n=XXt 24 n=XXV] 48

— 07,0015 ), X Ag,cosa,~ 07000871 Y ¥ Ag, cosa,

a=XIV k=1 a==XXIl A=)

13
[ k=16¢k=%, . - k=24 (!k=7—r-' :_

12

I_I.UI' ' FRVFY
The .eviation of the vertical in the plane of the
initial vertical is eXpressed by a similar formula, in
which the cosines are replaced by sines. In fornula I,
Roman numersls designate zones, llgnk is the mean value
of anomalies in g trapezium whose mean azimuth equals ofi.
We wlll designate as k the ordinasl number of the sectinn,
The values of cos o{x (or sinpdk s 1T we are calculating 7 )
repeat themselves periodically with iaentical or inverse
signs, and for this reason the products A&? cos ]gg (or P
A—SnKSin“Sk) may be combined into groups w_%h eq f values
of - the cosine (or sine). - . )

The effect of the central zone on the aeviation of .the
vertical may be writtan thunas . —

, Do 21:A ’ ) 2n i
= — X f—‘gcosadrdaz_n f[ngCOSaJa]—-(IO) D)
2370 )T 2y r

0 0.
~Let us divide the interval rrom U To r into “two parta,

# V. F. Yeremeyev. The Calculation of Corrections for the
Deviation of Vertical Lines for the Astronomical Coordinates
of Points Used as Datg for Topographiec Surveys on a Small

Scale. Collected Papers of the Main Office of Geodesy
and Cartggrapny, No 0,195,
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,

80 that within the central area of radius P
9,
; Ag = Ag + 5% n an| (1)

0
‘" where Ag. 1s the value of the anomaly at the point under.
study (r % 0), while(Qg) 1s the value of the derivative
ar)o ]
or gradient of the anomaly along a glven radius in the
interval from 0 *3.° takg_%_ as constant.

Let us fin= of Agcosada, asddol . Then

" f dr %! i dr ] (12). '
" o— ® o ry — = I +
v= 2ﬂjf(r r 2n7ff() Pt (12)
0
- - ¥upSTITUTING The Value for Ag from (11) into £(r)

under the first integral of Jj, we obtain

2%
H

— 2n
ag\. % - =
f(r)::f(g)orcosada uJ,=— 2W{JAgpc05ad¢
0

™ £ (o) (13) (13)

where Agp 1s the vaiue ol The anomaly at a distance f)
from theggoint.

In the particular case when the anomalies around the
point under study are relatively even, it may be assumed
that ? 2 5 km, and we may divide the circumference of
the S\km radius into 8 equal portions. Then

®' L ; i l
{EN = e ——— ——_2*_%Ag  cosa,—=— 0",02628 Ag,, CO8 an
| E ' 2 ﬂ'\’ f(rO 8 kzud gok X kél ok L4 I (II)

where Agok is the value of anomaly at the circ .mference
of radiug®ry = 5 km at the k-th point, ok =%, .
Since anomalies vary in a linear fashion within the
interval from O to @, formula (13) may be written
- w! %" p
—* _fy=—22-L f(n, 13
h=— g (== SO ( )i(lz').
allowing thereby the variation of the radius of the circum-
ferencé along which the distribubiofl of anomalies must be
known. .
Let us clarify the significance of the second integral
of formula (12) :
! r H
. dr |
Jo=— 2waf(")r i\
A |

|
.

From the two-ordinate Lagpaﬁge numerical integration
for.ula , o dr »” A FOL (14)
e o e oo -— g}l
Jn=“"\;f,f(’) TR T Sy (re ‘9)[A2F(rﬂ)+ s F(rs |
, .

®
2w

o

-lig-
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W)=

) __f(r)' Ayt A4y=1, Agxa+ Agxy =0, xzw'(ls)
7 Ro"'p

(15)
By, " T P T up (15),

— 2r. —
we getd a2 = (hte) g2
\‘{‘. ro"—p

\

\ .

or \ 2(A2r2+As’8) (A+A) o+ p =0
—— 2 g) — = U; |

ret+pe

Fo—p
N \ _rote -
whence we flg‘Aya4—Ayh—~ - ,} » and therefore

1__2"3-("0"‘?) A = — 2’2“‘(’0'*‘?).
T 2 —r) 8_ 2(rs — ra) L), we have:

®" o —¢p .2’5‘("0'—%’)_"_" o —p

Jog= —

. X
any (rg —ry) Iy dny (g—ry) " 16)

—2
e ) as) |,
8
and vy oI Tormula (L), we May 11na the ellecT amEnomaly
field with a radius p. = 5 kn on the deviation of vertical
lines, if the field 198 divided into fourszones by three
circumferences described by radii ry, r, and r3:

F‘__ &,,=:i_9_ (rl)—-—x-"—. To—P .2r8—(r°+P)f("2)_
20y r, dny (rg—ry) 4]

Ef 2Tl Lok p i gy 4N 1 (17)

_Z‘:{-.("a_’e) Ty

In the particular case with 8 sections, the formula
takes the form

8
x" p x

Mg==——L %4 rycos qy — —.

£ 8y 1, lg(l & 167 7y — 1y

To — P

h—p

8
2rs — (ro+p) A "
LA ry) cos @, — ——,

X r kgx:lg(Q * 16y rg—ry

&

o
X ﬂ.f;QfL ZlAg (rs) co8 a,. (18) (18)
X =

For convenience in computation, we mnay take ‘the
following numerical wvaluas far +he ST PR
x"p =003 "_"_' To—¢p .2"8—(’0"*"?):0//03.
8yr, e 16y ry—r, ry e
2 hme Nt e—2 - gugos (19) [(19)
] 16y rp—r, Ty '

DY llouing sultaovie vaiues 10T P ana solving the
system of equations in (19), we find radii ry, ryand r_,
A convenient subuivision of the S kin area into zones 3
results from o = 1.2 km, For that case, we find from (19):

1= 1.051 km, rp = 2,838 i, r3 T 1516 km. In finsl form,
- -50- i l

‘ . ) : - 0008-1
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the formula for .determining the effect of an anomaly
field of average complexity and a radius of 5 lm on
the aeviation of the vertical will be written as follows:

| E o :—.:t'ou’osf(rl) - O",Oaf("ﬂ) —_ 0",003f(l',). . (I”) ‘;} . (III)
For a complex anomaly field in a central area of a
radius of 5 km, the grid is calculated by means of the
Gauss formula. As in the preceding case, we segregate
from the area of S5 km radius a small central portion of
radius ¢ , and break down the integral (10) into two (12).
The solution of the first integral

~ =— 2 P ' ]
| h=—2Lre) E

. has already been found in calculating the preceding grid,
gna,r may acsume any value close to y since the relation
near the center of the area is, for practical ourvoses,

chstant. '

To calculate the second integral Jp, i.e. to allow for
the effect the remaining annulsr area between radii and

= 5 km, we may use the numerical integration methbd
following the Gauss formula with five ordinates

e

'? 73 ro 12
Sy= — 2 [ 1) = (r— p) [AF (r) + AP (r) +
! 2wy J r 2ny )
e (20)

+ AsF(ra) + AJF(rt) + AsF("a)]: (20)

FU)==270 ra=p+ (=05, @) )

x? 1s the value of the abcissa at the points of division

o' the integral following Gauss, and A, are the coefficients
in the Gauss formula. The numerical values for x, and Ap
forn =1, 2 ... 5 are as follows

%, = 0,04691 A, = Ay = 0,11846
x, = 0,23077 A, = A, = 0,23931
F Xy = 0.50000 , ‘
3 x, = 0,76923 . Ay = 0,28444
£ - x; = 0,95309

"If the_area is divided into 12 sections, i.e. if we
posit Ag\= and take a value for @ in Jy do as to have
it coincide with that of r) in Jé, the sum of Jl and Jp
for our S5-km area may be written“thus:

\Agjﬂ-:_;llg‘f -/a:—&xf(’x) —ayf(ry) — ayf (ry) — a,f(r) — ag f (rg). (22)\

k=12

f(ry) = kglAg()",,) cosay, (k=1, 2, 3,4...12, n=], 2, 3,4, 5),
~5le
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. . ¥

—_ 4 o—p
G =—(— A
! 12y r,+ n 1)’ _* rn—p
4= A,
%Y ro—op 12 r,
(1, - ° A?)l
12y r. .
% —p
x' ro— Ay — —— 0 Aﬁ-
Qg = —. A 6 2
s 12y ry s 2v

i
}

Taking 0 = 0,2 lm and ro = 5 lm, it is possible to
find the numerical values for a), ap, ag, ah, ag and rq,

r2, r3, T, rg:

/ - a, = 0",03167, ry= 0,425 ki o
a, =0 ,01539, r,=1308 |
ag =0 ,00920, re= 92,600 ,
a, =0 ,00517, ro=238892
a, = 0 ,00209, re = 4,775 .

In final form, the formulu for .finding . the effect
of an anomaly field of a radius of 5 km with the numerical
coefficlents giwem on the deviation of tne verhical will
appear as follows:

AZ" = — 0",05167 f (r,) — 0",01539 f (rz) — 0”,00920 f (r;) —
— 0",00517 f (r,) — 0",00209 f (r). av) V)

Verification of the Calculation of Grids for & and N
by Means of Artificial Models ! -

Grid for Flat Anomaly Field

To verify the correctness of the calculation of the grid
and all the computations connected therewlth, it is desirable
to test them by means of an anomaly field whose effect on
the deviation of vertical lines is kmown exactly, By
comparing theoretlical values for the aeviation of the vertical
with those computed by means of the grid, it is possible
to test the correctness of the computation and the accuracy
of the grid, if the anomaly field chosen is sufficiently
discinctive, i.e, if the graaient and magnitude of the
anomalies of the field chosen are sufficiently pronounced
and the averaging of anomalies by trapezia involves certain
difficulties., . -

A suitable anomaly field for testing the grid may be,
for example, the fleld of a point mass, embedded a certain
distance below a plane surface. It will be expressed,
obviously, as a series of concentric circles of equal
anomaly, with the maximum anomaly at the center, Deviations
of the vertical for a given limited area of the field in
such a case may be directly calculated with adequate accuracy

‘by the numerical integration method., It is convenient to

80 situate the anomaly {ield as to have its center of
greatcst wnomalies situated on tane grid within the ares of
the zones investigated, while the point at which the deviation

of the vertical 1s being determined, is iocated wherever
the deviation of the vertical unaer the efrfect of the .

-52-
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disturbing point mass reaches its peak.
Theme requirements will be satisfied 1f the depth a

being determined to the centsr of the anomal
The deviation of the vertical at point B (fig. 1
willl then tend toward a maximum., To obtain results which
serve to describe the properties of the grid as completely
as possible, it is desirable to protead part by part,
first, for example, within tae limits of radll from O
to 5 lm, then from 0 to 10 lm; then from 0 to 329 km;
and finally, from G to 1294 lam, creating an anomaly field
for each of these areas in accordance with the requirements
above. It is conveniént to sdopt the following relationships
\ bratween the dimensions of the
Aral .
i Lo s TR

|4
)
]o:a;Rozl:li-:-;-. (23) "3
where R, designates the limiting
radius of the portion of the grid
involved. It is obvious that,
in the light of (23), there is
no need to calculate spparately
the anomaly field of the point
mass for each of the areas of the
grid. It is enough to perform
Fig. 1, the calculation once for one
of the areas selected. For pther
areas of the grid, the anomaly field may be found by var¥épg
the scale of the model and the peak value of the field =5

(see formulas 25, 26 and 27 below). The effect of each gf
areas selected on the devlation '
of the vertical depending o?mthe
peak value of the anomaly

may be determined exactly (8&ee
foraulas 32 and 33).

The Anomaly Field of a Point
Mass '

If the point mass m is situ-
ated at point C (Fig. 2), the
distance of point M, at which
the value of anomaly Ag is being
determined, from the center A
of the anomaly field equals p.
The distance MC equals y. Tﬁe
angle formed by the line MC and a perpendicular is designated

as o The anomaly at an arbitrary point M of the field may
then be expressed as : ‘

or

(2l)
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fm
Ag = —3}—2- cos By

1
fma__ _fm___ . .
Ag:m 2 (1+T‘:T)h

The quantity g? will, obviously, be the maximum
possible anomaly oR“thet field. For convenience in
calculation, let ug rmula relative to .

This will make it po leculate with easg for
given vaiues of Ag, varying by intervalsf)of 10 or Smglg :

o)/ [T

Rk
m

(25  15)

P
Positing

o
| j‘;"Tf’az = cos a, (26) 6)

we obtain g WOorKing ior.iuta 1op computing the anomaly field:

g‘ P =_. atyg a, (27) |(27)

For given values of a and -I—? > the radil or isanomalic
lines for chosen values of Ag emay be obtained rather easily
by means of thisg formula,

For checking the grid within the ,-- .

O - Skm ares (Rg = 5 ¥m), we have

taken, in accordance with the con-

dition set forth in (23), a = 1, =

3 km, with = 100mgls, Table 2

gives the r8dii of circumferenceg

of equal anomaly (every Smgls), S
computed from  rmulae 25, 20 and 27.

Theoretical values for the
deviation of the vertical for a limited area 0<r
be obtained by subtracting the effect of the anom
outside of the circle of radius r_ from the total value for
the deviation of the vertical, This effect wil) be amall,
since anomalies subside ravidly with removal from the centep
of the anomaly field, the Wening-Meines function decreasing
at the same time. . -

Let us find the deviation of a vertical line Ag" for
the area rq <1' < - :fm o ‘. . e have:
@t
Kt follo._, _ .. . . .

‘ p“_—_lo’+r’—12r/ocosa,
whence | -

_[fm ]
a? (24 x?— 2ccosa)’ls ’

ag

e -

‘ : - 200130008-1
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Tanle 2

P KM

2,52
2,75
3,02
3,33
3,70
4,16
4,78
5,72
7,87
10,64

where x = é. i —

The rormula determining the deviation of a vertical
line for a flat anomxﬂv £1213 hawm $he ~anamael fiopmy

AE""—'—‘ ﬁcosadrda '
2ﬂY g

Stowvvivuving toe eXpression for A g from (28) into 1%
and replacing r and r, respectively by x.and x5 (in
accordance with the condition x5 = ;), we find

/ . x" dx cos a da ] (29) 1‘ (29)
& ="',;?' 7 | f(2+x 2x cos a) 1 |

By s opsaving w wign yY cp unis integral is recuced

to ellin/'r“' — ' =
x

cos a da 2 j‘ cos 26 df -
(2-++x?—2x cos a) o L+ (+ x)’]”ﬂo (1 — k3 sin® B)

JR . Aes

where k‘ 0

T

: (1 — k3 sin? B)'h (1 — k2 sin? )’ 1 — K3sin? B)"h
PooTi 0L UAE WO LUSUL iuvograls ulc:.y ve recucea ToO
tebular elliptlca.l,irmezzrals K and E in the following

manner*
B cos?fdp _ K—E
h= f A—msmph @
U

3 7 '
f cos2Bdf f cos? B df f sinfdp (30) LO)
N

ly=

T
7
sin? § df K K—
f (1 — & sin? B kP &
0
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" Taple 2

PriM

2,52
2,75
3,02
3,33
3,70
4,16
4,78
F 1,7 5,72

b 291 . 1,57
Filg. I ) 10,64

where X = g. B
The rormula determining the dev1ation of a vertical
line for a flat anomaly field he= &k~ ~anamed foprm;

i
/ AR = — * Ag cos a dr de. %

21\:‘{ '
Stuovivuulng toe expression for A.g from (28) into 1%

and replacing r and r, respectively by x.and xo (in

accordance with the condition x4 = = %), we find

a
/

/ dx cos a da (29)! (29)
AR = — —. f L 1

/ oy (2 + x* — 2x cosa)’t i'

By sopsaving w "Lnn ,L- cp uvi1s 1ntegral is recuced

to ellipp*——"77" =
~

cos « da f cos 2f dp -
(2-++x3—2x cos a)’la T + x)“]”z (1 — k3 sin? B)'s
where ké 0 ‘

%

cos 29 df woss 7 wpa . @0) 30
f(l — K3sin? B)'a f(l — k?3in? B)’h f(l — k¥sin? p)’h
n.a.vn—’o.[— Trne UuwWo .L&sb LilLOKLIALD may ve reuucea to
tabular elliptlpal,inxezrals K and E in the following
manner-+— 5 ‘
cos?fdp __K—-E , |
f 1 — k% sin? )/’ k? ‘

|
1
‘ l
sin? § df K K-E

(1 — @ sin? p)’s &2 e

Ig=
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-

-Here k'2m:\-.ﬂ;..wlé_..w.h‘lle 'K, andjE ‘designate the well-
known ell¥ > R

S

2 p _ 2
_ B VT
K—.[V:TTW’ £=[Vi=Fssa, an
. 0 0

1f.{'or w?ic;lz. tables of numerical fafues exist for the variable

= gingl.

! Substituting values for J; and Jo from (31) amd (29),
L e Lrom i

‘ A = — 5%%[ A1+ flx-{- %)) [E_<1+;':—>_~ 2K]' )

Xo

where . 2=———ﬁ——.
14+
We then make a final substitution:

u=5—°, du = —224x o
x oA
for x = x5, uz1l, For x =0¢, u = 0, we find that

[}
e X fm 1 ______d“_{E(l -1—>—2K] (201
&g = 2y a .xo [1+(1+x)2]‘l; +krﬁ - (321)

We have obtained the formula determining the value of
the uveviation of a vertical line for an area of anomaly
from 5 lm tooe, valid only in the cese when a : 1. 3 ro =
1 :1:5/3. For other relations between a, 1 and To>
this formula will, obviously, appear somewhat 8ifferent.

The value of the integral from formula (32) may be calculated
through numerical integration the Gauss formula with three
or five ordinates. By taxing 38 =z 100mgls, vwe get AR" =

- 0%,7lo,

The effect of a disturbing point mass ~n the deviation
of a vertical line at point B may be determined in the
following manner.

In Fig. l, BD = g represents the force o gravity observed
resulting from the total nffect of a homogeneous plane gravi-
tational field and the attrection of the disturbing mass,

BE =" 13,6he normal force of gravity of a homogeneous plane
layer and / DBE is the deviationg of a vertical line,

The trlangle BDE gives us. ) )

sin‘E:—-%cos(%-f-E)z_—Aﬁcos ¢°=‘—L’?l oS g, = o
Y Y ™ 1
._____l__f_”_’ a b —
v 8 (@47 YA+ F

= @ = L

"y a (2a)E

The latter expression is obtained on the basis of ‘the
equation &' ® 1,., Since é) is small, we Tind

(33)

o 1aYE !
. By taking QE: 100mgla, we f‘ind:g" = T 43l The
-56=
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deviation of the vertical from the effect of the central
0 - 5 km area will amount to: ' o
§"o—s = — 7",434 4 07,716 = — 6" 718,

Table 3 gives results for the deviation of the verﬁiqal
from grids I, II and III, calculated specifically for the
centr,l zone (l.e. from formulas II, III and IV):

Table

~ Exact value | Grla I |Grid Il Grid TIT
E =672 | -3n17 | w6m01 | -6m.73

. Grid I yields an entirely incorrect result, since it
fails to take into account the distinctive anomalies of the
portion of the field concerned. However, it is true that
in the example given, the gradlent is exaggerated over its
real value,

To verify the calculation of the grid for O - 105 km,
0 - 329 lm and O - 129l lm, wr have adopted the same model
of a point mass %ﬁd 2 plane anomaly field, with the only
difference that 1s assumed to be different, The relations
of dimensions wilfiin the model is preserved, 1.e. a 3 g t vy =
1 :1:5/3. For this reason, formulas (32) and (33) romain
valid for tuis particular case, while the nugerical result
varles proportionately to the variation of .

For the 0 - 105 km ares, we have taken = 200 mglse,
whence it follows. that E" = -cL3". 13k *

Eor tgg"0887329 km Area, E% n &OOlngls, and, as result,

= - . ;

for the 0 - 1294 km area, 23 = },00 mgls, and é "2 -26",.867.

The results of corparisons between theord ical deviations
of the vertical and deviations computed with the aid of the
grid were as follows (Table l):

Table Ut

Area t,", calculated | E¥, obtained | Error (%, resultiné
theoretically with grid from grid

1051 | — | — 137,455 + 07,021

0—329,0 l — % ,867 — 2 ,853 — 0,014

0—1294,0 — 2,867 | — 26 ,839 ] -0 '.ozsi

The divergences obtained to do not exceed 0.2% of the
values determined, whence it may be concluded that grid
calculations were performea correctly. .

In addition, let us examine specific typical examples of
a complex anomaly fleld that may be encountered in practice,
and let us compute for them the deviatlions of the vertical
caused by the central zone of radius ry = 5 km. We will

- perform the calculations by means of grids designed after
formulas II, III and IV, i.e. grids o” relatively low,
average and high accuracy. The comparison of results from
the three grids allows the determination of the error to
be expected from a given grid relative to the degree of .
anomaly of the field. Table 5 presents the results of these

-57-
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comparisons for a set of artirficial gravimetric maps (1~9).
We give both the individual values of deviations of the
vertical obtained for the 9 different maps, and the
dirferences between the results obtained by means of grid
III, which ylelds exact results, and grids I and II. The
lower line gives the mean quadfatic values for these
differences, wanich may be considered as mean standard errors
5@lcthe determination of deviations of the vertical by means
of grids I and II. .

*"As is apparent from the taole, grid I may be used only
in the case of an even anomaly field, Grid II is entirely
adequate for all practical purposes, especially since i1ts
coefficients are -convenient. T

In dubious cases of complex anoraly fields it 18 possible
to use grid IIL. '

Ta6ruwua S
Az Ay A%

.
g e !
1 R . ' , *
Gind. | 6114 ; Gr Grel Uy | =11 | Uil
i \ 1 i

'
i

1

+l",08‘+0’.14 —0°,12[+07,46
0 08|40 ,04l—0 ,00l40 ,19
"07|—0 ,10}+0 ,44
maiy,os—@.ao
o "11}4-0 ,05/—0 ,26
J08+-0 ,24|+0 ,27
"0414-0 ,18|—0 ,28
,14—0 ,10[4-0 ,72
01{—0 ,05{40 ,16|—0 _,42

+07,09]£0°, 13|07, 38,207, 47
107,11 07,42

o
S
x
&
1
2
-3
4
‘5
6
7
8
9

Mean Mean

Grid for Spherical Anomaly Field .

To check the grid Ior a spherical field of anomaly,
let us posit, by analogy with the case of a plane fleld,
a homogeneous sphere containing a point mass at a depth a
below the surface (Fig. 5). In such a case, it is obvious
that isanomalic Yines will be concentric circles, with
“the peak anomaly at their center. .

Point B, at which the deviation of the vertical was
determined, is taken at a spherical distance S, from the °
center of the fields The relation existing be%ween the
diménsions of the model 1s similar to that in the case
of the "flat" grid and is as follows:

: -5
| a:SO:Ro-.::l:l:—é—,
where Ry acsignates the spherical radlus of the circle
bounding the anomaly field. In our case Ry = 1000 lm
and, therefore, S, = 000 lon. .
The anomaly Agn at an arbitrary point of the sphere
equals, as wve know, _ A 5=§ — Yor :
. ! En 0. [ (31+)

' .50~
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at the 8oint involved,/fo is the normal gravity resulting
from all masses evenly Gistributed within the sphere as
a homogeneous globe., The value of go 1s determined thus:

=g+ %, ; (35)

where g 1s the force of gravity resulting from all masses
and "measured" at a point of the sphere, and §g, reprasents
the applied to a level surface from the surface of the
sphere.

We may write

where g_ 1s the forceaag gravlity appllied to a level surface

— 8=X%~A8,
where is the normal forfe of gravity, resulting from the
effect lbf the sphere (without a disturbing point mass), and

'/) g Is the force of gravity originating from ¥he disturbing

point mass (see Fig. 5). , - . -
Then A& =1+238+3% —Ta

while = fm

and therefore

ag, = Ag+6g.—% L (36)

or, if _we eliminate the constant
item s an operation which,
as we ow, will not affect the
result of our determination of
the deviation of the verticel,
we may write:
-Ag”_iégﬁjﬂh',i (361)
If we view a plane anomaly
field as the limiting case-of a
spheric¢al field (R =o0° ), we
see that, in that case, the two
last terms of foruula (36) will
‘equal’ zero and, therefore, that
the problem of the application
of the force of gravity disappears,
Fig. & For convenience in calculation,
we will henceforth proceed as
foliows: we will resolve the fieldiof anomaMes Agn, into two
component fields, one caused solely by the action of the
disturbing point mass, i.e. consisting entirely of wvalues for
g, The -ther composed solely of values for Sg + -We will
caicu.aité the effect on the deviation of the vertical for

gach of these two flelds seva®atelye. The sum of all effects

=59

£

Sk
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& R A

will, in accordance with (36), yield the actual value
the deviation of a vertical line at aii;ven point B.

— 2 (R—a) Rcos g;
R—(R—a)cosa,

r
whence ~ R—a .49
. 1+2—-—a—‘51n U}

fm .
Ag="——c08 B ="—1 .
) J r? P a® [1+4R (!:—a) sin? %]5/3 )

Let us now put this expression for Ag in a form .
convenient for calculation. For this purpose, we may
express anomalies in terms of the chord 1 of arc AB
Knowing the length of the chord, it is possible
with an accuracy sufficient for practical purposes, the
length of the arc, i.,e. the spherical distance between the

"point given on the sphere and the center of the field of
anomslles. To do this, we may use the first two Terms
of the sine developmsent ... of & small arc in geries.

Thus, if 1 = 2R sin'gé, then

sg=tm +3ma P
aﬂ (1+R—a[2)=l|

a—2a
Ra?

whence we get

(1+5= )" 1
(‘_‘_éi an)'ll -

fm

Let us introduce the suxiliary angle

R—a p\Y
(M) 3= sec ﬁ

while

From the'latter expression, we find 1 by successive
.approximations and, therefors, the spherical distance 8.
by the approximate formula: :

- l‘ .
S=Il4—+--- |
+%W+

 Let us now glve the working formulas used in calculating
the field of anomalles: ‘
l, .
L (1455 fo) "= sec B (38) -

cos By ‘

wh0=
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whence we obtain which, once known, allows us to
obtain: Gna-l ! ’ -

lrﬂ - _______0 tg 5n+1» * (39)
. —
yfiﬁg

n
24 R?'
S*

=8 ——r
=S R (40)

S=1+ (40)

Here, 1 designates the projection of the spherical
distance ontc a plane tangential to the sphere at the
center of the anomaly field. Table 6 givés the field of

normal values for the force of gpavity Ag originating from
8 point masg for a = 600kmand§%:i00 mgl, - ’

'I‘abie 6

Nod e syt e

v Ry oy .

Ag Sku AVt Siew 3g 0 N

”

i
H
t
i
l
H
1

400 a2 0,0 xku 250 a24 | 390,9 kM 100 men
390 83.8 240 410,8 Q0
380 119,8 230 431,1 80
370 148,0 220 452,0 70
360 173,1 210 473,5 60
350 195,7 200 495,7 - a0
340 217,2 190 519,0 40
330 237,7 180 543.4 30
320 257,1 170 569,0 20
310 296,4 160 596,0
300 295,5 150 624,8
290 314,5 140 655,6
280 333,4 130 689.0
270 352,3 120 725.,5 ‘
260 371,4 118 765,5 ’ |

1

We have the problem of calculate the deviation of. the
vertical caused by the anomaly field of a point mass. In
doing this, we will ‘circumscribe the area of anomalles
-considered by an outer radius of R.. The calculation of.
‘the deviation of the vertical causéd by such a fleld is
best performed in the following manner: having found the
total value of the deviaticn of the vertical caused by
the point maas;,we.may -Nubtract!Trém: 1§ the-deviation. - -
caused by:thecouter area; 1i.,¢.. the anomily fisld 6f1ithe
entire sphere, excluding the field bounded by the given
circunference of the small cirele. In this manner, the
problem 1s much more easily solved than by the direet

_calculation of the aeviation of the vertical caused by

-61-~
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the eflfect of the circumscribed circular field.

Let us first calculate the effect of the anomaly fileld
situated outside of the circle we have plotted. According to
the Wening-Meines formula, the deviation of the vertical
caused by a Cield of anomaly of radlus ?Io may be expressed as:

T TN
a2 )
A _?ﬂfoAgcosad. ae. (hl)
$p O '

But, from. (37), wie have
1428 sin’;

fm
4(R'0)R 9°]/x'
sty

12[1_;.

VIITLE \DLlis VI3

Ag =—

Fig, ©
-, a
oS @ == €OS § COS oy + sin ¢ sin 3, COS @; G5 == s a=3S,
Subst1 +ui;i ne Aa tn . (1) wn.;&ln&.j‘h,n_. s

! N Lk ff H;,f(R —?]cosquada. (42)

a? 2xny

|

It 1s convenient to resolve this integral into two
integrals, so as to convert these to tabular elliptical
integrals following the transformation of the subintegral
exoression, It is not difficult to see that

,,__fm x" j‘f cos a dy da
A= P Q —a (R +
a* [ ) 145G ARERZD sing ]

o cos 3 d«p da )
2Rf f 9 1+ nﬂ%]”’]' (b3

2 sin? -2— =1 — cos § cos o, — sin ¢ sin g, cos a. (44)

ad

1+————4R (1:;‘ 2) sin’%=<l+4R (R—0) e "";% )[1 -

4R (R — a) sin ¢ sin o, cos?
a? [1 + R E D) it °°]

(#5)

By introducing the expression ]
4R(R—a)singsing
mw—@aﬂ¢+o]'

KM=
- [1+

where k2<:'l, we may posit
g.._n—2:p, -

—_— - — 0 2;’
whence da= 2dq>, cos @ cos 29!

cos —;— = sino; _opu a=0, ¢= —2‘:
wb2m
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' ' &y

’Afte?f Some fairly intricate transformations, we obtain
| o fim an [ [E(1+i)—2K] @ +
A =—= O‘"->fQ T(R—a)R o a0 F % I'h
% & 2R 3 k°[1+ o sin?—; ]
0

a [K(1+ 4% —2E]d¢
+§?¢.[Q A [1+‘R (R=a) sln’q’+2 °’]ll’ '

at

% .
4R (R — a)

q ai

- 1+ .m_(f"— a) sinq‘l"g%’

sin¢ sin o,
RI=1— 43,

and K, -E are complete elliptical integrals I and II of
the type of (31), whose values are determined from. parameter
k from Janke and Ende's tables of elliptical integrals,

In calculating the value ofA*b; from {L8), rical
integration by the Gauss method f 21/6

Yo "X

and a = 600 km, go = - S 1/10 will ;['ovide the deviation
of the vertical due t§ the effect of the anomaly field
within a circle of radius Rp = 1000 km, consisting entirely
of Ag (normal values of the forée of attraéyion of & point
mass In points of the sphere):

" = <4633

Calculation of the Field of Reduction ggh of Gravity in
the Open Air :
We may de§ine the reduction of the force of gravity

in open air dg, as g
8n = - kN, (49)

where Ny 1s the height of the displaced level surface above
the sphere, and k is the coefficient for open air reduction
for the height, The numerical value i1s k 2 0,3086 if ) Y
is expressed in meters.

As we know, the displacement of the level surface away
from the reference sphere is determined from Brihn's
formula with the aid of the potential of the disturbing

point mass wp:
N, = v?

o M fm_ [My_fm_ fm
""R r ‘R _r R
where M is the mass of the sphere, m is the value of the
point mass and My is total mass M, ® M4+m, Within a constant
margin of erpor (which will not affect the results of the
caleulation _of the deviation of verticals), we may, therefore
write vp = T .

Thus, for S'gn, we will obtain:
k fm

8g, = — —1—,
€ T r

-6 3=

In our case

E

Declaésifi;d in Part - Sanitized Copy Approved for Release 2013/08/02 : CIA-RDP81-01043R002200130008-1




Declassified in Part - Sanitized Copy Approved for Release 2013/08/02 CIA- RDP8‘I 01043R002200130008 1
! & Y . S % el B4

By reference to Fig. T!

r=[R—a)y4 R*— 2 (R — a) Rcos o],
Therefore )
Jm__ fm

r T (R—aP+ R —2(R—a) R cos ol
k fm lzafrz 1 ]/2 | (50)

1+R

where 1 is the chord of arc O~

Designating K.IQ L, we may write it in the followlng
more usable form . L .
bgu = -

5T o)
—1!
I

It follows that /= (bg"_ and positing s#eck %
we get: Ra’a 2 P 8" (*

[

=2k |

=N (51)

" In our case, E = 14_00 mgl, X: 981,000 mgl., a = 600,000 m
and, thus, L = 758' 00 mgls,

I
Fig., 7

As before (see formula 40!'), we may project the anomaly ‘

~6lpm

SR MY PP b v P e oy
&
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field provided by formulas (51) onto a plane perpendicnlnr
to ‘a radius leading from the center of the sphere to the.

center of the anomaly field, Then the projection ly of .
the radius of the circle of isa.nomaly will be determined .

a8 followss
! o l 2 ( I?
— — () =! 1--—— . 52
l_lcos"_ll/l (2/?) ( )

The results of calculations of 1. from (52) and (50)
are presented in Table 7,

Table 7

e 38, I

0,0 | —SoupL| 72,2

72,9 847,4

254,7 1006,0
372,3 1200
481,% 1446
592,2 | —25 1778

To calculate the deviation of the vertical ? dus
to the reduction field in the open air, we may u
the well- kn;aun_.Wenj_nz -Meines formula:

o= f f 05g, cos a di da (53)
: u]’o
%o
n which we wIX1l substT tﬁte D 8n With tThé eéxpression in
(50) or
3g, = kafm 1 .
. Yo @ [1 f AR—a) R a)Rsin’-;—]l/"

at

(34)

then Q%“ .mnzz_ha_um.{_._._an_u*-*- £AllAntaa

- x"ka fm cos a —
3=v 7KT agjf 14_4(1? a) R n" olll,d‘kdz._.

- "kafmf [ (K +4D—2E]dy | (65)

2 g & 1+ 4R (R — a) sing(‘e+ =o]‘lx

The right-hand sfae of °1.pressicn (53) has been trans-
formed in the same manner as in the derivation of formula
(48). 1In our case, a = 600 lm
&; 1000 ka1

= _— = _.981000 1s.
T R T 6000k% 6° T e

‘For these values, we obtain from forzula (53)

§§": 41,706,

65~
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Let us now calculate the total value of the devizgiog
of the -vertical due to the disturbing point masg. et s, -
- us designate the attraction of the point mass a 1:10&1 Bine.
- equal to 52 1 a8 v.  The totsl deviation of a ver: .
.under the Bffect of-the poin’c mass will be’ epri']e-isgC: fyound
means of the angle gB‘( (Fig. 8), which w
from the expressioni : '

Since the angle of & is small. we

=5 Lunp R
It further follows from triangle CcMB

. sir;;= sin %R-— a; rd=(R-— ap+R —-2(R~- a) R cos 9.

o

A

g

a

F;ig. 8
fm . R—asinag, -
T (R—ap+ R—2(R—a)Rcos a;)®
o fmy 2 fsing
———_“r-{-dek s Rk sm’qj- e

Finally, expressing in angular unitsy we have the

tation of the vertical
expression for the total dev
gﬁil?:gi%%e elleect of the aisturbing point mass:

uOO«
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R— .
F 3in g,

a1 By (56)

«a

Positing that 13 = 40O mgls, a = 600 lm, 0 = 32 = g,

a “ R
we get &" = -28".93L.
Thus,

AR S -Si," u ~28".93L§14",633 - 1".706 = ~26".00L.
o

~ This value must be corrected for the displacement of the
massvcentar, which may be"described by the following formula:
5=+-x—kﬁsino. 1

l
In our case, Xo = 19.42 m, U'Q;Egg%ﬁ = ilﬁ'.

Theny sinfp = 0.02877 and ® = 0".629sing = +0".018.

The result of a determination by means of the grid of the
deviation of the vertical caused by thé™~same spherical anomaly
fleld with a spherical radius of 1000 km was found to be
-25",93ly, Thus, the error in the gitd determination was
0%,05, Such a result may be considered entirely satisfactory.
For purposes of verifi cation, the effect of zones XX and XXI
was determined by means of thi 4

d
— S b db.
qu) (v) sin ¢ d¥
| 4
III, Calculation of the Blevation E of the Quasi-Geold for

en Anomaly Field with a Redius Rg = 2000 km by Means
of Spherical Grid

As indicated earlier, the design of the grid for the
computation of deviations of the vertical provides_ for
convenience also in the ecalcula tion of elevations of the
guasi-geoid. Since the effect of anomalles ol does not
depend on azimuth, the entire area taken into count is
divided into euual sectibns (sectors). In adzition, we have
narrowed the width of the distant zones to some extent,
in view of the fact that their effect is much more significant
in detvermining then in finding deviatlons and “ of the
vertical » Therefbre, in passing on to the calulatfon of the
spherical grid for the determination of Y% e may retain
all the zonal radii adopted in designing a spherical grid
for the calculation of deviations of verticals (see Table 1).

Let k8 separate out a central zone (ry = 5 km), for
which we may postulate the constant mean value for the Stokes
function of F(r) = 1. The right-hand portion of foranula (1)
will Ro2% ‘

ry 2= A
;:l—ff Ag (ra) dr d1+—1-j ng(r,a)F(r)drda.
2ny 2ny
00 ro O
The first berm o) [ 3(ne)drde , allowing for the offect
- " L9 0 ’

o of" the central zone, may be easily calculated, 1f we
addit that the anomalles A g(r,A) vary in a linear manner

-67-
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along the radil or that ;

& l ag (r, o) = Agy+ Ar, | (57)
where A = 3r 1s the horizontal gradient of anomalies

which we assume is constant within the limits of the central

zone along each radius, and 4g, 1s the value of the anomaly

at the. central point for which ? is_being determined.
Substituting (57) into th¢ . rn2x *“  wa obtain

| At,’o=——-ff(Ago+Ar) dr da,

! 2ry

Following the 'integration]arong—r—%-xocnxn <ne limits Q

to ry, which may here be,~~wfarmad _directly, we have

3 1 4 A 2

; AQ:—;{[(Agoro-{-—;l-> da.
R

Through partial further integratlon and simplification,

we get 2
) —Tloy To fAr da.
\ AG, Y & + 4‘?{0 ()

Substituting here from (57) Ar, = Ag(ry, k) -Ag,,
where Ag(p,—w.t_]_._ig ~the valye of the anomaly at the boundary

of the cer r o
Ca=loag+ 2 [ 1820 ) — Sg0lde
i ¥ 1
o ]
pr, after integrating and simplification,
- E e
) To | Ag(ro @) d
AL=-24 g Vo
‘ % o go + py /

Let us repr_e—s_ent tne remaining integral in simplified

form as the sum: i S
A{;o—..:—c‘- Ago+ To_ 5 Ag (rp @) Acx. a
2 4y o

Taking AR= %g- , nere m is the number of sectlons, We.

find & final expression for the effect of the centralzzone
on : ! At= g 4 r =" - .
!' _2T EoT 2my ‘élAg (’o’ “k)'

We have taken ‘the number of sections asm = 8
5 km. For these nuuerical values, formula (58) ma
written as: / - —

A=8 - ;
AL, =0,00255 Ag, + 0,00032 2, Ag (o, &x): i

k=1

) We may note that here Ag, 1s the anomaly of the central
- point, for which snis boing determined; Ag(ry, &y ) 1s the
anomaly at the boundary of the central zone at points.on
a circumference with azimuths: O, L5, 90, 135, 180, 225, 270,
315°, All Az8s are expressed in milllgals.. ‘
To check the accuracy acheived in using this formmla,

let us use it calc‘ulate{ for an anonaly fleld expressed
-68- '
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by the following non-linasar formula (varticular case):

Ag= k .

= (60)
Here k and a ard sonstant quantitikes, which we may

find from the conditiona r = 0, Age = 100 mgls, while for

*®r, =5 km, AgT = 50 mgls. Under these conditions,

k = 500, a = 5, and the formula for the anomaly field

becomes -
500
Ag (r,a) = .
/ g(re) 5+4r ]
With these values for Ag, we find A o for the central
point from formula (59)
| AL, = 0,00255 - 100+ 0,00032 - 400 = 0,383 ¥, = 38,3 i |

Calculations by means of the Stokes formula, in this
instance, giveA’l)o = 35.3 cm, i.e. the divergence amounts
to 3 cm.

If we were to tare & field of anomalies varying in
a strictly linear manner along a radiusr, such as for
example (r) = 100+20r (for r = 0, Ag, = 100 mgls, and
for r = 5 km, Ag(ry) = 200 mgls), calculations by means
of formula (59) should yield a result closer to that
found by solving the Stokes formula, Indeed, in the
example cited, the Stokes formula givasbﬁo = 0.7645 m,
while fommula (59) yields A%o = 0.767. cases when
the variation of anomalies départs significantly from
a linear pattern within the central zone of 5 km radlus,
more exact formulas should be used, which we give here
without their derivation.

AL, = 0,000 612 Ag, + 0,000 076 £ (r;) + 0,000 419 f (ry) +
4 0,000 066 £ (),

8
flry=L(E—n (1lla)
k=1

AL, = 0,000 10 Agy + 0,000 057 £(r,) + 0,000 098 f(ry) + 0,000 116 f(ry) +
+ 0,000 098 £(r,) -+ 0,000 048 £ (),

12
firy= 2@ (Iva)
=

For formula IIIa: =, 2 1.05 km, r, = 2.88 lm, r; = J&.)SZ km,
and for formula IVa: »3 = O.42 km, rp % 1,31 km, r 2,60 1m,
r% = 3,89 km, rg = .78 km; (g -‘Q-)é represents the anomalies
at point k of a"circumference-of Ta ¥us r.. The value of

A7, is expressed in meters. Let us examine the effect o

the area 51000 law, wl ™~ 1 RBye “~~tenate ax Al: - -
AY = — A
E Mff 2(r,a) F (1) dr da.
ro 0

Let us revresent the two integrals entering hersin in
the approximate form of the sum:

-69-
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A, = — X .
‘l G - Ag (r, @) F(r) Ar be,

To.,use this formula with a spherical grid, we proceed
as follows, We have

,‘j_ Ar=1rm — N (=0, 1'2'3"'21);__-;

We take the radii rj from Table 1.0q We consider as assumling
the same values as those adopted in tomputing the spherical
grid for the calculation of deviations of the vertical,.
pnemely: within the area from ¥ = 5 lm to rg = 102.5 1o,
we positA(-]- ’ 5 r3a from rg = )8.02.5 km to
R, ® rp1 % 10 im, Aol = For the Stokes function Fer)
in each zone we take a m value, corrgs ogdi to the mean
value of the radius of the zone Tun = . We find
the vakue of the mean anomaly for each trapezium by uveraging
{thin the arca of the trapezium. Keeping all
this mind, we may write fordl; the following formula with
numerical coefficients:

at, = [(15 5 g, + 22 T gy + 32 R gy 472 Ay 469 S ag, +
4101 % Mgy 149 S Ay + 219 $ agy)+(118 2 Agy+ 148 S g, +
+ 186 3 Agy + 252 5 Mgy + 288 Y Aggy) + (262 5 Agyry + 304 S Ager +
4353 ¥ Ageys+ 408 3 Agyun + 467 % Mgy -+529 S bggx +

4596 3 Agyc+ 668 E Agge)] - 1075 (61)

where t&g"with a subscript designates an average value of
anomaly for each trapezium of & zone, the zone being i{ndicated
by the Roman numeral.

This formula has been tested by means of two examples of
snomaly fields, expressed as functions of the radius r:

1)Ag = kr and 2)Ag = li-f (62)

Example 1 BAg = lr.
CaLculiation for this value for anomalles, Wwe find
from formula (1) . R, 2%

Ro
_ |
z;=.2_ﬂ_10f6f rF (r) drda,-—"—(frF(r)dr. 1‘ 63)

Resolving the integral into three integrals according
to the three areas of the grid, 1l.6e. the zones bounded by
radii 0 - rg, 8 - r13 and r13 = Fol (rog = B,), and
assuming the mean values FI(r? =~¥§.Oh for the first ares,
Frr(r) = 41.15 for the second, and Frr(r) =4L.22 for the
third, we may f£ind the sum of gll three integrals by
direct integration, il.e.

C‘—'—‘%[(f?l—‘Fu)rsg’*‘(Fn" Fu) rxsn‘l'Fm’mﬁ ) (6k)

~70=
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or, by introducing the numerical values given above for F,
= E’i (= 0,11 7t — 0,07 ryy? + 1,22 ). |

Positing k = 3 andTexpressing r In kilometers, we
obtain anomalips 1n milligals, Calculating ¢ from formula
(6li), we fing §i= 617.8 m, while calculating Ifrom formulae
(59) and (61), we get

4 = 617.7 m.

The ,above example tests only the distant zones adequately,’
since for Ag = ke, malies may occur only in them.
To test the design B21d especially for the closer
zones from r, =5 = .5 lm , let us use a second
example, .

Example 2,Ag = k, .
(SE)AS in example 13 we calculate the value of ; from formula

s . )
k 1 k . o
C=7f7f(r>dr=7ﬂan fe—1In ro)=§F,M(lgr.—rzro). (65)
ro .

Here we must posit: r, = 5 im, », = 102,6 ¥m andg F; =
1.0l (on the average). 1r We assume value 100,000 For
the coefficient k, and compute r in «ilometers, the anomaly

g = > will be expressed in milligals, and %Bwill be in
meters.,” By formuls éé?), we find £= 319,7 m, By means or
the grid, (59) and (617, we obtain’ &3 320 m,

The comparison of results obtained by different methods

shows that grid calcilations (59) and (61l) wers performed

correctly,
~ For ;%ggﬁﬁk:§§99~ we have

- 3 4 48 - ”
AL =[4243 Agyxn + 462 2 Agxxim + 494 2 Agxxiy + 518 I Agyxy +

3 48
ks o +5282Agxxvx]'w—‘5-u_»
For pursoses of verification, the values of coefficlents
for zones XXI and Xx were caleul 3~ ™ means of the integral

§ [ stsing ay-

The computation techniques ".il-n.g‘ vne I‘ormulfa§ given are
described in a paper by the author in Collected Yapers on

Geodesy, No 8, 195,

- : - 130008-1
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FORMULAS AND TABLES FOR THE CALCULATION OF GEODETIC COORDINATES
BY THE MOLODENSKIY METHOD '

Works of the Central Scientific V. F. Yeremeyev
Research Institute of Geodesy,

Aerisl Surveying and Cartography,

¥o 121, pp 77 - 10k

Introduction

In 1952, M. S. Molodenskiy proposed a _new method for
the solution of basic geodetic problems / 1_/. Molodenskiy
defineis the position of a point in space by means of
orthogonic curvilinear coordirmes H, B and L, where H
is the aistance from the elllpsoid of revolution used as
"'a basis for calculations, B i1s the geodetic latitude of
the point, and L is geodetic longitude. The solution of
geodetic problems by the method is glven in general form
in elementéry functions. The formulssused differ from the
formulae of the usual method, which make use of infinite
series. Instead of curves on the elllpsold (geodetic lines),
Molodenskiy makes use of segments of a right line passing
through the points under investigation#, The formulae for
solving the direct and reverse geodetic problems by the
Molodenskiy method have one and the same form regerdless of
the distance between the points. In the traditional mathod
for solving these problems, the formulas corresponding to
various distances differ and are presented in the form of
infinite series, the general term of the series, as a rule,
being unknown.

Molodenskily replaces the spheroicat triangles with
plane ones. Instead of the geodetic azimuths of the geodetic
lines, he determines the geodetic aximuths of perpendicular
sections passing through the initial and terminal points.

In practice, as we know, the latter are dealt with in

the measurement of horizontal angles in triangulation.

: This paper provides practical foraulae and models of
tables for solving the direct and reverse geodetic problems,
formulae for calculating the reductions of spheroidic angles
to plane ones, and formulae for calculating the sides of
plane triangles. All formulae have been checked by means
of examples; in the order in which it 1is done in practice
in professing a triangulation, a triangle, all of whose
summits are situated on the ellipsoid, has been solved by
the Molodenskiy method. - .

Henoceforth, the foliowing symbols will be used:

a, B : respectively, the long and short semi-axis
of the reference.ellipsold;
Bpln geodetic coordinates of point nj
ABip® Bo-Bl ¢ difference of geodetic latitudes;

%The following article in this collection sets forth an

uncomplicated ¥echnigoe for procéeding from the chord to the
geodetic lins. -

~TT~

-
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difference of geodetic longitudes
mean latitude

length of chord between points m and n;
spherical angular distance between points

m and n;

geodetlc azimuth of section perpendicular at
point m, containing point nj

zenithal distance of chord Sy . n at point m;
azimuth of chord Sy n on sphefe;

Gosine of angle at point m of chord Sy n and
and a right lins parallel to the axis of
rotation of the Earth;

radii of curvature of surface of reference
ellipsoid, respectively 1n the direction of
the geodetic meridian and the first vertical
at the roint having coordinates Bp and Lpys
spheroidsl angle at point n,

s plane angle (angle formed by chords) at point nj
mean radius of curvature of the surface of the
reference ellipsold at point m;
spherlcal residue of triangle;
eccentricity of ellipsold. ’

1. Formulae for the Solution of the Reverse Geodetic Froblem

Problem: given known geodetlc coordinates B ,L} and By, Lp
of two points situated on the ellipsoid (the dim%ns ons of the
ellipsold are ¥nown), it is required to find the distance 54,
between them (i.e. to find the length of a chord) and the
geodetic azimuths Ay and Aoy of direct and reverse perpednicular
sections, passing through tﬁe points given. Thus, By,
and Lo are given, and we are required to £ind S, A .
A%ter certain trensformations of formulae (&g) ahf (19)

paper 4T1_7'we obtain the following practical formuiae for
determlni;“':sw-h?a-—"l-t};]na.ﬂ:\_l;s-_,;, n fA’r tha chard: . N . X

S — 4 Magina? — ko —2sin B; — si N3 _

; NJ 4 s M(Mgnm sm&)+ N 1), )
where 4 ¢ . AB AL

i slq’—z— = sin? -§l°+ cos B, cos B, sin? 2" .

. k= e2(2—ed). 03]

In Krasovskly's eiiipsoid, £70,133_2001°10 .

From formulae (31, 32, 11 and 42) of 1/, we obtain a
group of formulae for the calculation of geodetic azimuths:
. e cos B,
gin (Agy — ag1) = i Apy $in @ ——p= 0 7 B.sin ALy |

X e? (—1\—/2 sin By— sinB 1), . 3)
N
sin AB ’
t — 12
G %t cos B, sin ALy,
' Ay = (A — “m)"}‘ %31

-78-
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_sinBy g Llar, (6)
cos —;—ABl,

Ap = Ay + (a1 — dg)-

The later relation involves an accuracy to O¥.001 for
distances up to 1000 km. )
To verify the calculations of geodetic azimuths Ay, and
Ay, we may use the adequately accurate formulas
sin Ay, c08 By + sin Ay, cos B, = sin (Ayy — ay9) (€08 21 €08 B+
+cos ag, €0 By, (8)

1
ctg Ky (a3 —aq) =

W

L 2y
sin Ajq c0s B, + sin Ay cos By = sin (A;g— @) [cos Ayy cos By +

+ cos Ay, cos Byl ©)
These formulae may be obtained by using the relations
sin a,q €08 B, sin ag €0s By = OnAdp—ap= Ay — ag,.

Geodetic azimuths for distances of over 1000 lm mﬁy
be calculated from formulae (3), (i) and (5) and the relations:

_—__EES_QL——— e? <5in By, —
cos By sin AL,

- Msma,), (10)
N,

sin (A;3— %;9) = sin A, sin ayg

sin AByy . 1 1
_ fn2Pxa 4 sin Bytg— ALy, (an
cos By sin 8Ly, 1

A= (A — 259) + %o (12)

ctg 219 =

For a general and combined verification of calculations
of the distance S and geodetic azimuths Ay, and Apy we
may use the relati’éng (21) or (22) and (23)l§elo' 9.121&
formulae (19) and (20). In doing this for small distances
(845<100 1m), one approximation is sufficient in calculating
ny o, vhile for a distance of 100 k8o 000 lm, two
approximations are required, and for dlstances of 87551000 lkm
three or perhaps more are necessary to check thousancal 8
of & second in the azimuths and the eighth significant
figure in the distance (see examples of calculations).
For lower degrees of accuracy, fewer approximations are
needede .
Calculations in accordance with forulae (3) and (10)
are performed by the method of successive approximations,
First, we posit in formula (3), approximately: sinA>y Minglzl '
[ or sinkjo=x singly in formula (10)7, i.e.,_we assume,
as a first approxima%ion, that (Aal - d\2l)I = 0. Then

we fim (A21 - le) 118
‘ (Agy = (An — @)y + 721 I (13)

Q=
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and so on until, for practical purposes (Apj)pa1 = (Ap1)g.
It is also possible to proceed in a dirferent er, .
Having found (A - ol §II’ we may find the correction for
(Ap1) IT from the formu}a
& (Aq)y = (Agy — )y - sin (Agy - @) Clg @, l (1)
- 1l
which 1s accurate enough for distances up to 1000 km, ana

then to get )
'7 B (Am)m = (A + A(An)u- ' (15)

Formula (llj) is easily obtained from (3). For distances
exceeding 1000 lm, the direct geodetic azimuth A 2 should be
calculated not from formula (7), but froum formull (10).
Formula (7) may be used in the process of s@ccessive
approximations, Geodetic azimuths A,, and A,, may also be
found by means the following group o}erormul (cf. formulae
(31) and (32) in [ 1_7) eand formulae (3), (4), (10) and (11}
of thh™ ™"~ ° ’ cos B 3

1

;N
— — o2{ ai —1sinB —_—
clg Ay =clga,—e <sm &, N, sin ‘) cos B, sin AL,

sin AB,,
cos By sin ALy,

N, cos B
— + H H
cig Ay = clg agy — ea<-1\—,3 sin B, — sin Bl> . ———-—'———cos B, sin AL,
1 , sin AL

Cté a;, =

{-sin B, -tg—;— ALy,

sin AB,,

clg agy = —————13
& cos B, sin AL,

— sin By {g —;—AL,, J

Relation (7) serves as a check on talculationa.of Ay,
and A from these formulae for distances not exceeding
1000

Ay — ay X Ay — ag;.

For distances of over 1000 km, it is convenient to use
the following control formulae:

clghdn—clga, M cos’ B,
ctg Ay —ctgay, N; cos?B,

Thése foruulase are obtalned on the basls of formulae I,
Relations (8) -or (9) may likewise be used for verification,
Foranulae I are simpler thon those mentioned sarller,
They do not require the use of. the.method~of successive
approximations, though the latter 1s not di:i'ficult, or the
use of supplementary tables for the calculation of small
guantities (A =4{); the individual computational operations
are simpler and Iewer (for the larger distances). Furthermore,
verification 1s significanbly more simple., For this reason,
this. group of foriuulae 1s to be recommended for .the calculation
of ggouetic azimuths Ajpand Apj;. This group is particularly
sulted for large distances (over 1000 km).

2. TFormulae for the Solution o1 the Direct Geodetlc Problem
Technigue of Calculations.
Problem: @iven geodetic coordinates By and L% of a point
sivuated on the ellipsold, the distance S5;p 1rom his point

._80—
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along & straight line to another point, slso situated on
the ellppsold, 2 -otic azimuth Ay, of & perpendicular
section at int passing throug% the second point,
it is require -geode tic coordinates B and Lo
of the second poin everse geodetlc azimﬁth Ay of
the perpendicular section at the second point. Thps,
By» Ly, 8125 Ao are knovn, and we are required to find
Bo, L» an AZl’

A%ter th§-substitaiion of relations (20) and (21) of

ato formuls (s e same papers We obtain
he calculation of the difference of the
da second points:

1 N, cosB
ctg ALyg=—"7" Ny CO03%1 4 cos B, ctg zia— in B, cos 16
g OLyga sin A {Sm 5in 25 + 1 CIE %49 sin B, CO Al ( )

Ly=L+ AL (7}

gubstituting expressions (21) and (23) of paper [1 T
into (L5) of the seme papeT, We find the formula for
calculating the difference in latitudes: .

sin ABjp= —1;111 [sin Zyq (cos Ag—sin A sin By tg—% AL“,) +
2

4 2% nyy COS 81], (18)

B—b |
b? s
The values of 27 12 in formulae (16) and (1.8)
ape found with the a%d of formulae (22) end (33) in 17147
by the method o8 guccessive approximations:

where e'?l=

€08 Zy3 = — —-fs;vﬂ (14 e nygd), (19)
1

Mn,q = CO8 213 sin By + sin 2y €08 B, cos Ay (20)

The followlng apguUMNCceo of operations is convenient in
calculating differences of latitudes and longitudes. Ve
may first gpproximate 14 o by means of formula (20), bY
cositing as & first appro’xi.mation, in accordance with
formula (19)3 Sua N
. cosz\gw———g—[—\f;, sinz;q =~ 1 .
with these data, we mey determine gas %12 in the second
approximation from formula (19), and then f}nd.sin zlf from
the table of natural trigonometric functions. Then, if
need be, we may determine N} 2 in the second approxhnation
from formula (20), .with cos Z4p and sin 232 yxnown to the
second aoproximation. T , 8in 272
and cotan Z1l2. For distances under 100 km, enough
to geb the first approximation in calculations of nla,'cos 2720
sin %42 and cotan Zj2e -
e reVerse‘geodetic azimuth Apy may be found bY using

~-81~
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formulae (3), (i) and (5) or the last two formulas of
group I,
An sfesitw check on calculations of B, and L, is provided
by the formulae . 2
l N, cos B, sin AL,

sin Ay, sin z,, (21)

S =

i

pr N cos By sin AL, !
Sm = — . !

sin Ay, sin z, i

(22)
In the latter formula, sin 22 is determined from cos z s
which in turn is de ~——'—32 fmonZhhn ralsbion 21
cos z,l-._—ﬁ; €OS 2,5, (23) |

For checking thgs calculations of the reverse geodetic

azimuth A5, and the quantities sin z2)2 and sin z we
£l » 21

mey use the exact formula:

N, cos B, sin Ay, 8in 2,y + N, cos B, sin Ay, 8in 25, =0, (2)4.)

wnere sin zpy 1s determined by means of formula (23).
Formulae (21), (22), (23) and (24) have been obtained
from formulae (15), (215, (38) and (39) in the paper already
cited /1 /. When azimuth Ay, approaches zero, formula (1)
should be used in the direct problem for purposes of verd-

fication,

The formulae for solving the direct and reverse geodetic
problems have been reduced, insofar as possible, to a form
convenient for computations. They are intended to be used
with computing machines and tables of natural values of
trigonometric quantities with eight significant figures., 1In
the calculation of geodetic coordinates B and L, the formulae
ensure a margin of error of the order of £0",0001, and of
A 0",001 for the calculation of geodetic azimuths, As &
rule, calculations at all stages involve eight significant
figures., 1In calculating certain supplementary- terms,

a fewer number of signiticant figures may be sufficient (sece
examples and calculatiom schedules).

Let us note that it is convenient to present each figure
in the form of two factors, one of which is smaller than
unity in absolute value, but greater than one tenth, while
the second 1s 10 at a certain power. For example, the figures
123,45678 and 0,000 001 23l . 788 are cgnveniéntly written
as 0,12345678+ 10¥? and 0.123[5678¢ 10~°, . :

3s _Practical Formulae for ths Calculatlion of the Sides of
a Triangle in an Astro~Geodstic Grid .

In solving triangles, we assume that all their apexes
are situated on the surface of the reference ellipsoid.
Thus, we posit that the angles and sides measured on the
physical surface of the Earth have already been transferred
to the surface of the referance ellipsoid. The calculation
of the sides of triangles by the Molodenskly method may be

-82&'
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performed in one of two ways. The first consists in the
foliowing. We calculate the reductions for the switch
from spheroidal angles A,, A and A, (dihedral angles of
pepsmdicular sections) to pléne angi?es (of chords b(l’ &2
and ¢§ by means of formulae of sufficient accuracy
(see érmula i el

] Al—alz-z(l-{-ctg/lﬁctg/ls)
;
. "
* A= ey S (LcigActg A) (25)

14
Ag— ag= % (1+ctg A, ctg Ay)

The spherical residue £" may be found from the vell-lmown-

formula .
v Sig? sin A, sin 4,

9R,2  sinA; (26)

"

where i1s the number of seconds in a radian, and S5, is
the wn side of the triangle (chord).

The following relations serve as checks on the accuracy
of the calculations of reductions by for:aula (25)

ctg A, ctg Ay +ctg 4, ctg A, +clg Agctg Ag =1, (27)
(A4 —ay) + (A — ag) + (dg — o) = &". 7

Knowing the angles R, bLE, and one side S,, of
a plane triangle, ve may calculaée the other side%zby
meana of the theorem of sines:

o siney oo 8iN%
Sas = Sna 2 Sis = Sia sin o (28)

The second method consists in the following. We reduca,
in accordance with the infiications given by Molodenskly
(cf. formula (74) in éjkjﬁ each of the three spheroidal
angles by one fourth of the spherical residue. As Legendret's

method, the two other sides may be found from the theorem
of sines: gn(Al——% sm(Ag—-%)
Ses =S\ S8 = S e\
ﬂ"(As-'Q) mn(As—-T)
The accuracy of the second method is entirely adequate
for triangles of any form wlth sides measuring up to 100 lm.
The second method allows the calculation of the gquantities
sought much more simply and rapidly, and it should therefore
be used in practice. ‘
Sequence of calculations of geodetic coordinates: we
are glven jhe geodetic coordlnates B, and Ly of one of the
apexes of the triangle, the spheroid&c angles A3, Ao and
A-, the base S1p, which is one of the sides of the %riangle,
and the direct geodetic azlmuth Ajoe We are requied %o
find the geodetic coordinates of the two other apexes.
From the spheroids), angles Ap and A, and slde S35, We
calculate the spheric residue from Eormula (26). By solving
the direct geouetlc problem from the formulae given earlier,

(29)

83
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7k

‘We find the geodetic coordinates By and Lo of the sacond
apex of the triangle and the Teverse geodetic azimuth A
(see example and schedule of calculations), Then we
calculats the two other sides 85, and 82 by means of
formulae (29) and the Airect geoéetic azgm

uths Al and A2
Aj3 = Ayp - A, and 4. = 4—A§). Finally, from the 23
1

" equation

L. Auxiliary tables ,

Iakdes for the calculation or natural trigonometrie values
of small angles with elght significant figures (from O to 6°)

. Petera! eight-digit tables L 2_/ give the natural

valugs of trigonometrig quantiti
to 6%) w

gle (up to 2%301), Finding the asought-for values
of natursl trigonometric qpantities in the tables of small -
angles presents difficulties due to the inaccurate and
laborious interpolation process, For this reason, it is
advisable to compile tables which allow, through simple
interpolation by means of & computing machine, to obtain
natural trigonometric values to eight significant figures for
sin x and tan x for small asngles x, and tdnfind, conversely,
small angles x from sin x and tan x, The compilation of

such tables 1is based on the following considerations. As
‘ We kmow, the relationsg

sinx g x x x

x ' x sinx’ tgx
for small arcs x arec close to unity and, when x is varied,
vary much more gradually than x, sin x and tan X.

multiplying the values found in the tables for sin x and

x
tan X by x by means of a computer, we may find sin x ang
x

tan x, and by multiplying the tabular values for x

. and
: sin x
X_ by sin x and tan x, we find x. To compute tables
tan x ) o - ’
Tor the relations sin x and tan x to x = & s, We may
x x
use developments of sin x and tan x into series by powers
1" of x:

(31)

TR C AR L (32)
=St tost

7
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From tables of the relations sin x and tan x , it
. x x
is possible to compile tables of the reverse relations
x and X . Ws have prepared models of tables
sin x tan X :
for the four relations mentionsd. Values for the relations
are given for every 10" within the interval from O to 1°
(see Appendix 1). :
webles for the values of the major radil of survature M and N
of the Krasovskiy ellipsoid
main radili of curvature M and N are required for the
solution of the direct and reverse geodetlc problems, as
. well as other fundamental geodetic problems. They are
determinsd, as we know, from the exact formulaes

__e(—e) (33)
M= (1 — e?sin? By’ ‘

e ,
(1 — etsin? B)'lY’ (34)

B

Using the tables of ‘A. A. Izotov and D. A/ Lerin é’ 3_%‘,
an

we have compiled & model £6r tablgs of the values of
N by latitudes, every 1', from 56501 to 57% The table
is presented in Appendix II.

The two tables proposed are sufficient for the solation
of the direct and reverse problems for any given distance
between points.

5, Examples and Schedules of Calculations

E xample 1. Solution of reverse geode tic problem for
Iistances from O to 1000 lm (837100 km) .

5040700~ , 0000 6 115 00 ,0000

53 10 00,0000 7 51 55 00 ,0000

70 00 00 ,0000 8 4 00 00 ,0000
74 00 00 ,0000

2 30 00 ,0000 2 00 00 ,0000
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OUR S

o]

e e T s

e e or
e o
S :

sin B, 0,773 47159 16 cos "a AB, 0,999 76203
cos B, 0,633 83097 17 0,787 11448

sin B
sin B, 0,800 38274 18 ginaL 0,697 56474101
cos By 0,599 48934 "

sindB;; 0,436 19387-10-1

ot E

PETEY

1 0,348 99497.10—1
19 sing ALy

15 sinyaBy 0,218 14885.10-1 - 20 tg._;_”,“ 0,349 20769.10—!

T ot o

calclatin Of
o isTdnee Sy

0,639 1053 9.10+7
0,639 1963 7-10+7

1,000 14234
0,938 68910.10—3
0,375 52909.10—2
A »
Nosin By —sin By + 0,270 250-10
1
N, 1 s
- 8in B, — sia By 0,730 351.10
1

o (M3 gin B. — st By} 0,974 437.10—%
0 N‘sn 3 1 '

+ 0,1423 -10-*
0,2025 -10-7
0,374 55667.10-3
0,612 01035-10—1

0,391 13911-10+8

valeola Ty,

cos B, sin ALy 0,442 138 14°10—1

sin 4B,
cos B, sin ALy, 0,986 555 63

sin B, lg-%- ALy 0,279 499 80-10—*

ctg aay 0,958 605 65
Gy 22601238 ,675
sin ay — 0,721 889 99

CJZC‘//(???#C—' Of 0/1&7:'}”6-1 O(I‘J ‘-7(2) o

40 ctg % (a3 — @31) 0,274 931 86-10—1
41 &g — ag 176°51°017,103

Declassified in Part - Sanitized Copy Approved for Releas 2013/08/02 : CIA-RDP81-01043R002200130008-1



Declassified in Part - Sanitized Copy App

ed for Release 2013/08/02 : CIA-RDP81-01043

[ 3

checK ¢a lealoFing o
Az morhs Azy and Aoy
0,683 711 67
0,633 830 97

€ abcula From of f‘?l_ﬁw%

A‘z' ond A;; CV;\’/‘/@)’?’I) '
4 2 0,669 342-10—2

43 ’Al,: sin B, — sin B, -+0,270 250°10—

sin Au
cos Bl

cos By
44 cos B, sin ALy
45 sin3 %qy

—0,722 774 97
cos By 0,599 489 34
pX +0,000 061 74

cos Ay 40,729 752 25

0,135 589-10+2
0,521 125

sin A"

+0,127 814°10-3

sin (43 — g
+4-0°0423",636

(At — ag)s

AA%I

(Anr — 22t

* (Audn
A

40,323
+0°04°237,959
226°1702”,634

i 40,0482 424
sin (A — %)  +0,127 971-10—2
Zy; sin (A""" ay) 0,000 061 7L__

- Cheek of Sa, A O/ Ax it

Declassified in Part - Sanitized Cop

0,43887
0,19261
0,397 17°10—4
(cos 252)0 0,306 402 34°10—!
(sin zy5) 0,999 530 48
ny 0,438623
n,? 0,192 390
A 0,396 713°10—¢
—0,306 401 88-10~1

(Cos Zlg)l 3
0,999 530 48

(sln zy3);

mpdtevtarim K I€

3HaMeHgTend

N, 0,639 196 39-10+7
0,599 489 34

40,697 564 74-10—!
0,267 300 8210+

40,683 711 67
0,999 530 48
0,683 390 65

S 0,391 139 12-10+4

L 6. Sis 0,391 139 11-10+¢

cos B;
sin ALy
qHCAHTEAD
" sin Ay
sin z;y

ety fléﬂ)/mv'/‘f ‘/4,2 a Uc*/

Ay from formoloe of Gtesp I QN corant)

cos B| sin .\Ln
sin By,

35 cos B; sin ALy,

1
36 sin By tg 4Ly,

37 clg ap
38 day

39 et

Ny

kvl l ny ~—
40 NS n By—sin B,

cos B,

41 cos By sin ALy
42 Ctg Aﬂ fand Ctg Qay
43 clg Az
44 Ay -

45 ¢os B, sind Ly,
sin ABI?
46 cos B, sin ALy,

1
47 sin By tg 5 3Lys

40,442 138 14-10—!

-}-0,986 555 63
0,279 499 8016~

-}-0,958 605 65

0,669 342-10-1
-}-0,270 250°10—1

0,135 589°10+2

—0,245 267102
+0,956 152 98

" 40,418 182 63:10~1
41,043 070 27

40,270 102 2:10—!

o Fopr  drsrauce 5/'.1.><-/"”/fw”/7-”/3 ;‘”"U’” 5

eateutoly (oS Za)y dnd Csin 2,

-7
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8 sin B,
9 cos B,
10 sin Ay,
1 €os A;p
12 1g Aa
4

”

13 n,
14 ng?
15 3
16 (cos z9Y
17 (sin 2y3),
18 m
19 n,?
20 3,
21 1€Cos z).)
22
23

(8in 2;,y
el 2y2

EXQmple @, SoloFinn of

£/} From of l

Vi Ve, 7% fa//a/w'nf
[Qu) =

g apy
X2

el

. N,
sin By — T.l sin 8,
V2

cos 8,

cos B, sin ALy,
ctg Ay —ctg ayy

cig Ay,
Geok A
C4erc,
Honapirin

Ay —ayy

direel geodetrc prodlom <op
Ais7duecesS from o 70 Jooo kom (S BF Yoo ki),

50°40°0", 0000
70 00 0 ,0000
43°08°03",737
0,391 139 11-10+6
0,639 105 39-10+7

0,612 010 34-10- !

0,306 005 17-10-t

0,773 471 59
0,633 830 97
40,683 711 67
40,729 752 25
--0,936 909 30

0,673 852 54 10-2

'€os 25, sin 2y, clg 2,
--0,438 87

0,192 61

0,397 17104
—0,306 402 34-10—1!

0,999 530 48
0,438 623

0,192 390

0,396 71310 +
—0,306 401 88-10~-1

0,999 530 48
—0,306 545 78-10—!

Ny cos B,
Sz 8in 2y,

127" %y

+1,070 080 49
43°03°39",778

0,669 342-10~2
-+0,270 212-10-1

+0,151 56810+
—0,274 132:10-2
-+1,067 334 17
43°08°03,738
0°04°23",460
0 04 23 ,961

. lestevisnin of 4y

24 3—‘ 0,163 395 Y3-10+2
14

N, cos B,
Sz sin 2z
cos By cté z,,
sitn By cus 4,

(Qre]

25

26
27
28
29
30
31

CH el D Jipm

0,103 614 05-10+2

—0,144 298101
+0,564 442 6

0,977 753 25-10+!
~-41,143 006 66-10+<
--4°00 00,0000
74“00'0();.99(1:

B,

of

1
82 g ALy, 40,349 207 69 10—t

40,348 944 97-10-1

~+-0,697 554 74 10—
0,711 285 05
0,710 951 00
0,1873397-10—2
0,712 824 49

-4-0,436 255 96°10—!

- 2°30°01~,2831
53°10°01*,2831
0,639 196 39-10+7

0,999 857 63

40,436 193 85-10—1
-} 2999°59~,0998

1
38 sin ALy,

34
35
36

37
38

sin AL,
[84s]
Sit zy5 [6),]
v'2n, cos 8
[Tl
sin (48,5),
40 (48y3)o
41 (Bz2)o
42 (Ma)y

)
(%),
sin (AB,);

(4820
N,

43

14
45
46

-+ cos By ctg 2, — sin B, cos 4,,,

AL,

A 0,639 196 37:10+7
(/./J/'j el ﬁc;d_f re sed Lotoi s i

3R002200130008-1

[612) = cos Ay, — sin A}, sin By tg 5

[732] = sin 2y, [8,5] + e’y cos B,.

— 88—
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5.J

47 Ny
Ny

48 sin (ABy3);

49 (48y3)
50 B,

0,999 857 67
+0,435 193 87-10~1
+ 2°30°00°,0002

53010007 ,0002

51
52
53

54

R002200130008-1 §

B

. €Ielorie. of I21mu¥,
Ay (Secend rortaui)
i

sin B, 0,800 382 74

cos B, 0,599 489 34
cos By sin AL;; -+0,442 138 14-10—!

in 4
sInBie 10,986 555 63

cos By sin ALy,
1
55 sin By tg 5 L)y 0,279 499 80-10—1

56 otf ay, 40,958 605 65
+ 115 00 ,0001 57 o 226°12°38°,675

0,787 114 48 58 e3 0,669 342-10~2
N,
59 A—,‘: sin 8, —sin B, 40,270 250-10—t

€08 Dy

Cos B.sinAL o B, 851‘51.1, 40,135 589:10+2

Ctg A"['—'Clg X2y —0,245 267-10 ?
ctg Ay 40,956 152 98

Au 226°17702",636

CHUedIfrin Of TUinoply Ay
51 By 51°55°00°, 0001

1
52 5 4By
53 sin B,

!
54  cos 7 ABy, 0,999 762 03

1 60
55  tgo ALy 0,349 207 69+10-1

1
56 ctg 5 (%ia—az) 0,274 931 86-10~1

176°51°01*,103
226°17°027,634

57 @yp — &gy
58 An

Check P Lerolatimg check caleeds Frens
dy Sformola (1) by formolaz(23) and 2y)

N, 0,639 196 39-10+7 N,
0,599 489 34 Ny
40,697 564 74-10~1 cos zy

0,267 300 82-10+6
-+0,683 711 67
sin 2y, 0,999 530 48 Ny

Qoitonti na Shyswmwenmment, 0,683 390 65 cos By
Siz 0,391 139 12-10+8

a. 6. S, 0,391 139 11-10+8

0,999 857 67

—0,306 401 88-

—0,306 358 27-
0,999 530 62
0,6391 053 9-10+7
0,633 830 97

0,683 711 67

sin z), 0,999 530 48

W/ﬁo aarl 40,276 831 16
N,

0,639 196 37
0,5t {89 34
—0,722 774 97
sin zy, 0,999 530 62

W 1I —0,276 831 16
EXD 1 ply 3, Solv e of Pl S e Geoce Yy,

problens (5,22 Fswokm) Jor deslance exceealing so0G k..
68°58°007,0000 7 © 53°2130%,0000
37 45 00 ,0000 8 —155 31 00,0000
3 0500,0000 4 ‘ — 77 45 30 ,0000

—122 26 00 ,0000 2 ’

— 311300 ,0000 10 0.933 371 78

15 36 30 11 : 0,358 911 02
— 1536.30,0000 4y 0,612 217 28

cos B,

sin AL,
zmm)f)-mb

8in A[g

o8 2y
sin 2z,

sin A,z

cos B,
sin Ay,

—87—
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22
23 ;\7‘

$
24 sin? T

Ny n®
25 4lem 2

Ny

26 ¥, sin B; —sin B,

N,y 2
27 N sin By—sin B,} 0,103 797

2
8 ko(%;sinlirsln&) 0,138 486102
\

N,

= —1

M

Sut

M

Sis

N
CSe

cos By sin AL,

sind B‘z

1
]

cos By sin AL,

0,730 685 57
—0,518 275 80

—0,269 059 90

+0,963 123 44

0,802 383 68
—0,414 428 53

—0,977 261 96

—0,460 895 36-10+!

0,639 652 31°10+7
0,638 626 08-10+7

0,998 333 22
0,343 421 62
1,371 396 85

0,322 175

0,1667.10—3
0,2778.10—%
1,370 014 77

1,170 476 30
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2 »\'-‘l“ A AT Crmmns
clg T(“lz"‘““) —0,383 974 58°10+!

ay — ay, 330048°177,995
o 339 48 56 ,902

.

cos By sin AL,, —0,327 684 32

sin AB,,
cos B, sin ALy, +1,581 631 37

1
sin By 1g 5Ly, —0,430 186 72-10+t

ctg ay, —2,720 235 86
%ys 339°48'56',902

0,748 744 69-10+7

—0,148 742 97
40,348 437 17:1041

sin B, tg —;-AL,, —0,282 168 1010+

ctg ay)
LIS
sin ayy

40,630 605 27.10+1
9°00°38°,907
40,156 620 76

_ sinay —0,345 039 29

Calct ez 0,669 342 16-10-2

-A'rz

4 . sin By —sin By —0,322 174 43

cos B, .
cos B, sin ALy, —0,531.581 1410+

45 sin? ag, 0,245 300 62°10-!
46 sin (Ay — p), 0,281 195 34-10 -3
47 (Agy —agy)y -+ 0°00°55%,001
48 Mgy + 07,103
49 (A —ay)"  —+0°00°58",104
50 (A2t 9°01 '37',01] .
51 sin (Agy); 0,156 898 us
52 i':,—;é:—'l)—' 1,001 776 39
53  sin (Ay —ay)y; 0,281 694 86-10-3
54 (A —oan)y 0000587, 104
{Aau

N,

A 1,001 669 57

e? 0,669 342 16103

44

N
58 sin B, — /7; sin B; —0,322 712 83

59 cos B,
cos By sin AL, —1,095 295 07

60 sin? a;, 0,119 052 1
61 sin (A3 —a;,), -+0,281 664 85
62 (An—eay) + 0°00°587,098
63 AA, - 07,045
64 (A3 — ;)7 0°00°58,053

.
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Calcuiation of 21 '
(cont'd) '

(A2l
sin (Awaht
sin (Asz)
sin @y,

e

Calculation of azimuth A12
: (cont'd)

0,281 449 18-10—*
4+ 0°00°587,053
335049°54°,955

339049 547,955
—0,344 775 10

68 sin (Ajp— %2l
69 (Az—e2)n

0,999 234 32 70 (A

Celculation of geouetic azimuths Ay, and A21

group II
[ nA wwmadnnd)

by formulas of

34
35

36

38
39

3T

cos B, sin ALy —0,148 742 97

sin 3B,

— . 1
cos B, sin ALy -}-0,348 437 17 10+

sin B, (g-!z— AL,y —0,282 168 10-10+

clg ag 40,630 605 27+10+!
g 9000” 38", 907
¢t 0,669 342 1610~

45 cos By sin ALy —0,327 684 32
sin AB,,

P i
46 o5 By sin ALya

41,581 631 37 -

47

48 ctg a2
49 %43

50 et

—0,430 186 72°10+1

—0,272 023 5910+
339048 56°,902
0,669 342 16°10—3

1
sin By tg ALy,

40 sin B, — sin By —0,322 174 93 51 sin By—

Ny
cos By
cos B, sin ALy,
ctg Ay —ctg opp
ctg Ay
A

M

cos B, _ s1net
cos B, sin 8Ly —0,531 581 14-10+

ctg Ay —cig ag —0,114 632 95°:10—1

clg Ay ~+0,629 458 94-10+1 54
An 9°01°37°,011 55

52
53

41

42
43
44

it sin B,—0,322 712 83

—1,095 295 07

—0,236 589 54°10—?
—0,272 260 18-10+!
3349°49°54°,956

___ Check:
ctg Ay — clf @y —0,114 632 95 10—t

=
_{j ctg Ay —ctg ay; —0,236 589 54-10—2
Proportlon_______ 40,484 522 48-10+!

e | S

Fom |
L N 0,098 333 22

cos? B,

Ny
N

cos? By
cos? B,

cos® B,

pronortion]

0,625 190 00
0,128 817 12
0,485 331 45-10+1

40,484 522 5110+t

Exanple k. Soiution of ulrecct
excceding 1000 km (312-\,7500 ion

Calculation
and
no

689580070000 |
33 05 00 ,0000
339 49 54 ,955
0,748 744 69°10+7
0,639 692 31°10+7

13
ny?
4
(cos zy2)o
*(sin zpa)o
1,170 476 30 ny
n,?
4
{cos z32)1
(sin zy9)1
nZ

0,585 238 15

0,938 371 78
0,358 911 02
—0,344 775 10
40,938 685 31
—0,367 295 73
0,673 852 54°10—%
g

Map
4,

(o8 zpo)11
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coaetic problem for a alstance

of cos zyps sin z3o
cotan 245
—0,209 340
0,438 233 10!
0,172 824 10—
—0,585 410 97
0,810 736,70
—0,273 265
0,746 739-10—!
0,294 487:10—%
—0,585 532 64
0,810 648 83
—0,273 408
0,747 521-10-1
0,294 796-10—3

—0,585 532 95
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B S

27 (sin zy4)gq 0,810 648 61 1 '
B gz,  —0.722 301 81 61 slo By tg—5 4L, —0,282 168 1110+
62 clg ay +0,630 605 3310+
63 @ 9°00”38",905
Calculacion of L, 64 sin ay, 0,156 620 75
“:: 0,85¢ 353 05

N, cos B Calculation of a
N 5,y 0,378 260 96 ,iimutf Ay

31 cos By clf 2,3 —0,259 242 08 :: 0,669 342 1610~
32 slaB, cos A,y +0,876 142 38 65 ¥
33 (Ol 0,757 123 50 N '
34 ctgAl; 0,219 599 24-10+ 66 7\7: sin B, — sin B, —0,322 174 96
35 AL, —155°31700”,003 B
67 ——l_— 0,531 581 17-10+1
36 L, —122 26 00 ,003 cos By sin ALy, '
Calculat*on of 132 68 sin? ay, 0,245 300 60°10—1
o 69 sin (Ay —ay); 40,281 195 37-10—2
37 sinil, —0,414 428 52 70 (Az—ay)7r  +0°00°587,001
X Ady, + 0,103
i, —77°45°307,002 ' (An—ag)y  -+0 00 58 ,104
1 (An)" 9°01 ‘37',009
tg 5aLl,y —0,460 895 38-10+! | sin (Ay)y 0,156 898 97
(0] —0,544 591 46 : sin (Ay)n
sin z;, {8,3] —0,441 391 25 : sin ag
e'%ncos B, —0,661 248 10—3 sin (Ag— ag)i 40,281 694 88
(Ta]  —0,442 052 50 (Asy— 2 -+0°00°587,104
sin (ABy3)y —0,517 411 97 A 9 01 37 ,009
(ABy;)e  —31°09°32° —_—

(Bsk 37 48 28
(Nghe 0,638 628 191047 Calculation of azimuth A
(second variant)

29

0,998 333 21

1,001 776 39

21

¥)
(Nzo 1,001 666 3

sin (ABy); —0,518 274 13 57 sin 8, 0,612 217 26

58 cos B, 0,790 689 58

(4B  —31°127597,60
(Bsh 37 45 00 ,40 cos By sin AL;, —0,148 742 96
sin AB,

. . 7 ———
U:\:x)l 0,638 626 08*10+ 0 B m aL,; 0,348 437 22:10+1
(T\'}): 1,001 669 57 R
sl (ABy,); —0,518 275 83
(AB )i —31°13°06",006
(B:)n 37 44 59 994

1
sin Byetg 7 ALy, —0,282 168 11-10+1
52 clgay 40,630 605 3310+
63 am 9°00"38* , 905
64 e 0,669 342 16.10—¢ -
Calc w, ‘

lculation of ¥o1, sin K1 ¥, sin B, —ain B, —0,322 174 %6

57 sin B 0,612 217 —_CosBy
s nB‘ 0.7 6:39:3 cos B; sinAL;, —0,531 581 17+10+1
cos B, ,790

clg Ayy—ctgay, —0,114 632 97-10~1
59 0“81 sin ALl’ —0,148 742 96 Ctg Ag[ +0 629 459 00°10+1
sin AB;,

® mm L, Tosearming 8 A S0
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Check calcuiatlon by formula (21) | o N_o,sss 510 46

R S

Ny 0,638 626 081047 | 40,809 941 85

cos By 0,790 689 57 ! 0,639 621 31

sin AL, —0,414 428 53 e 0,358 911 02
PI'O GuCE I} —0,209 287 75-104+7 —0,344 775 10
sin Ay —0,344 775 10 0,810 648 61

sin z,, 0,810 648 61 oauct L i _p,641 691 76
Proauct ITI—0,279 491 46 ) ‘ N, 0,638 626 08"
1:ll=§, 0,748 744 70-1047 cos B, 0,790 689 58
0,748 744 69-10+2 sin Ay 40,156 898 97

fOI"’lU._i_ae (dl.’.) and (dj) sin z,, +0,809 941 85

I " ' Product TT  F0:641 69195
A 1,001 669 57 ’ : 141 40,000 000 19

corgy  —0,58553295 |

Example 5. Calculation of geodetic coorainates of apexes
and sides o! triangle

In the triangle wo know Bl, Ll, 12, Al?’ Ay, A;, and A

and ve segk Seyp Sy hau huy s Azy v Agps By Ly Byrand
It 1s assuwned that all the apexes of the triangle are
situated on the surface of rel‘erence ellipsoid and that values
o Sy1p, A i Ap and A, are reduced to
e, C mera.e evation. We. know that:
' B, == 57°00'00",0000
L, = 48 0000 ,0000
Sia= 39404,808 u
Ag= 225°35'42",281
A, = 363540 ,332
A, =108 5128 ,110
Aj= 34 3255 ,463

yanrracorm]

= P

ST, vy
S s

These initial data were
dbtained in the following manner.
The geodetic coordinates of three
points on the reference ellinsoid
were selected. For a more erffective
_ checi of the formulae, the sides
of ‘ ; en as equal, and one of the angles
is rwevorunan gy o ——wno—OL the po>ints 1s taken as a datum.
Then, the solution of three reverqe geodetic proolems nrovides
Sld’ Alg, Al = Alz - A'I 2 7™ A 1, A3 = A AB and,
as an additional check, the two ogher sides; and These
calculati ns are presented separatelt in Anpenaéy III. The
calcuration of the geoastic coordinates of The apexes and. sides
ol the trianple were vpe-formed by the formulae 1ln naras 2 and

3 of the present nancr. The seuyuence of calculations 1s. inaicated
in para 3. The calcnlations are presented belo.l. .

L Pl
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1. Solution of Direct Geodetic Problem for Side S1a

1 B, 57°00°00°.0000
L 48 00 00 ,0000
225°35'42",281

0,394 048 08 - 1045

0,639 331 23 . 1047

0,616 344 17 - 102

7 0,838 670 57
8 0,544 639 04
9 sin Ay — 0,714 412 57
10 cos A,  — 0,699 724 71
1 tg Ay 0,102 099 09 - 10+!

-Calcuration of 2z, Calculation of 32

o et 0,673 852 54 . 103 — S
12 ny  — 0,383 682 3 % tg ‘7“,, — 0,401 367 12 - 10-2
13 n%yy 0,147 214
14 3, 0,305 708 . 10—5
15 cos z,, — 0,308 477 B.10-3
16 sinz,; + 0,99999525

27 (8y2) — 0,702 130 73
28 sinz2(8;2) — 0,702 127 39
29 ¢* npcos By — 0,140 8137.10 3
30 iz — 0,703 535 53
17, 8 — 0,308 479107 31 sin(dByy)y — 0,433 620 03 - 10~2
- 2 32 (8Bp)y  — 0°1454",4083
| 1 M 0,162 247 01 « 10+ 3 (B 5604505 ,5917

! 812
N; 0,639 322 71 - 10+7
19 NicosB, 0,883 664 75 - 10+4 (N2)o

Sasinz, 1_v_,) 1,00001333
20  cos B, ctg 2, 0,168 010 - 10~3 | Nalo

21  sin B, tos Aj4 0,586 838 5 . sin (A By — 0,43362581 - 102
2 {Qial 0,889 516 33 - 10+2 ! (A Bk — (0°14'54%,4202

28 cgaly, 1,245 101 74 . 1043 | B, 56°45°05”,5798 ,
. 24. ALy, 0°27’36",5745 - ——
LB L 470327937, 4255

—_Caiculation of AZl Check calcuiations by
P _ foraula (21)
N, 0,639 322 71 - 10+7
40 1
588 — 007 27 ,2101 cos B, * 0,548 270 61
L4l s (By), 0,837 487 74 ] sindl,  — 0,803 12128107 |
Numerator | — 0,281 511 .56.10+% ¢
! sin Ay, — 0,714 412 57
[ _ _sinz; 4 0,999 99525
Denominatqﬁj — 0,714 409 18

1 .
i d!-’i(‘u—“n) — 0,336 308 33 . 10— J Siz . _0-_———~————-'394 048 07 l0+_5

39 (Bt 56°52°32°,7899

1
42 CMTABII -+ 0,999 997 65

1 N,
43 lg_2_A Lyg — 0,401 567 12. 10—

[ 45 43—y 180°23°07°,366
6 A 45°12°34",915
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_GCheck calculations by formulae

N,
- N; 1,0000 1333 N
_ cosz;y; - 0,308 477 80 . 10—3 cos B,
coszy  — 0,308 481 91.10-2 sin Ay,
sinzy; -+ 0,999 995 25 sinz,
<

N,

Declassified in Part - Sanitized Copy Approved for Release 2013/08/02 . CIA RDP81 0143R002200130008 1
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Product I|

] cos B, 0,548 270 61
; sindy <+ 0,709 6% 00
f sin zy 0,999 995 25
. <& = 0,248 760 67 . 1047
. Proauct II
-

(23) and (2)) -

0,639 331 23 . 1047

0,544 639 04
—0,714 417 57 .
0,999 995 25 :
— 0,248 760 67 - 10+7

0,639 322 71 . 107

2. Calculation of Direct Geodetic Azimuths Ay 3 and A,,_, from

Given Ay 22 AQ-, and A.,, A

.

Ay 225°357427,98] Ay 45012
= A 36 35 40 ,332 A 108 51
‘ _Ais 189 00 01 ,949 Ay 154 04

3. Calculation of Spherical Re 1due

=3

‘347,917

28 ,110
03 027

of Triangle (ly 2, _3)

NS S b S

| p

0, 206 26 10+5 5

| 1/8,,\2 _
?(R_":) 0,190 34.10~¢
s, sin 4, 0,596 14
sin A, 0,946 32
sin A, 0,567 11
e” 37,9054 ?
| e~
- s 07,9763

L. Calcuilation of Sic’z’e"s ::.45,1 anu oy, wy

Lhe First Method by

Formulase

(23), (25),

_(€6) and (27)

Calculation of reducti

to_olane angle by foriulae (25) and (27)
Ay 36°35'40°,332 cig A,--1,346 769

A, 108 51 28,110 ctg A,—0,341 554

on tor change-over from spheroidic angle

ctg Ap ctg A;—0,496 059  14-ctg A,ctg Ay~ 0,50394
ctg Ay ctg 4341955993 J4-clg 4, ctg A, - 285599

~9l-
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Ay 84 32 55 463 g A4,41,452360 cig A, ctg A4,—0,450994 1 setg A cty A - 0,54001
> E=180 00 03 905 | Check: = = + 0990940 1= . 399994
i Calculated Covrcctions Corrected
A —a + 06,4919 I 4 0°,0000 | ! 4 07,4920 ;
. A — ey + 2 ,8856 ! +0,0004 | 42,8860 |
- ) As — ay +0.5272 | 1 4o o002 | D40 ,5274 | .
an = 43,0047 [ Fom.0007 | | + 37,0054
S Caiculation of plane ‘angles dn
- Measured angles Reauctions Ay ~Kkn Corrected anglesug,]
- ' | A, 36°35°40°,332 T 07,4920 a,  36°35°39%,840 ]
1A, 108 51 28 ,110 — 2 ,8860 i ag 108 51 25 ,224
* 1T 180 00 03 ,905 | —srwst | ! 180 00 00,000,

v




'

.ot

Calculation of sicdes of triangle S, and 323 from given 84, -

‘ yX2 ) &3 .
| S;3 0,394 048 08 . 1045 [
g Loy 36°35°39-,840  sing, 0,596 146 41  S;g 0,657 548 08 - 10+ 1
| oay 108 51 25 ,224 sina, 0,946 328 15 Sy 0,414 227 271045 |
- o 34 32 54 ,936 sinag 0,567 104 98 ‘
Check B8alculation
\‘ Sypisinay 0,694 841 51 .10+
A

5. Calculation of Siaes 832 and S,, of Triangle by Second M#thod

Declassified in Part - Sanitized Cdp&/ pproved for Release 213/08/02 - CIA-RDP81-01043R002200130008-1

| Sicsingg 0,694 841 511045
| Sp:sina, 0,694 841 51.10+%]

Calculation of spheroidai angles modifiecd through correction

A=, A=, A=

| s L A

- . " Measured angles ‘ % l Corrected angles o
A, 3635 407,332 — 07,976 A - 54. 36°35°39",356
A, 108 51 26 ,110 — 0,976 Ay — ET 108 51 27 ,134

A, 34 3255 ,463 — 0,976 A — & 34 32 54 ,487

by Formulae (30) and (31)

St
K

Calculation of sn.des 84 and So3 of triangle from given 8;,, -
® gy 3
A - Tl-. » Ao = T » Ay - -IL- , by formulae (30) and (31)

Declassified in Part - Sanitized Cop

Z 180° 00°037.905

— 27, 928 '180°00° 00' 977

10,394 048 05 - 1045

36°35°39%,356 sin (A, £ ) 0,596 144 52 S,; 0,414 227 27.10+5

g
i S,s 0,657 548 08.10+5
108 51 27 ,134 sin (A, — .4_) 0,946 325 16

34 32 54 ,487 sm(A, - ‘_4'_) 0,567 103 19

Check calculation o ) -
Swtsin (A= ) 0,694 84370 104

'
i

S,5: 8in (A, — ST) 0,694 843 71 . 104%

Sys:sin (A, — %) 0,694 843 71 . 10+
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___ Given
Biyly Sasy Ars
=7 1 B,
. . 2 L,
i 3 Ags
yis 4 Sas
5 N,
S
N 6 '/V,:
7 sin B,
- 8 cos 8,
, a sin Agp
) . -10 €08 Agg
: . 1 tg Agg
Y e’?
o . ‘ 12 N
- 13 n?y
»‘“ ~ } 14 4
15 COS 24y
D= A 16 sin zyy
17 ctg zy
Ny
- 18 S
19 Nacos,
Sagsin 253

20 sin B, cos Ay
cos By clg 2,5

[Qsl
23 cigdly

Lag

|
i

24 Al +

Sought

By Ly An
56°45°057, 5798
47 32 23 ,4256
154 04 03 ,027
0,414 227 27-10+8
0,639 322 71.10+7

0,64791577-10—2

0,836 300 99
0,548 270G 61

-+ 0,437 311 86
— 0,899 309 93
— 0,486 274 92

Calcu:ation of zy,

0,673 852 54.10—3

— 0,495 774

0,245 792
0,536 564-10—%

— 0,324 494 45.10—*
+ 0,999 994 74
— 0,324 496 16.10—3

Calculation ol L3

1,543 410 47 . 10+*

<+ 0,846 211 05 - 10+2

— 0,752 093 68

— 0,177 911 71 . 102
-+ 0,853 714 20 - 10+2
-+ 0,195 218 62 - 10+3

0°1736",5744
49°50°00",0000

cos By
sinA Lgg

T Product 1

sin 423
sin 2

Prndnent TT

!
T:ll = Sy

-ﬁs__ )

- ' 6p: jolution of Direct Geouetic

26

27
28
2
30
31
32
33
34

35

36

37
38

Ch-ck calculations by formula

70,639 311 15 1047
0,553 149 24

Probiem for Side Sz3

Calculation of B’;.__ )

f
tg_;_A Lis -+ 0,266 12142 10~
(02] — 0,900 246 63
§inzy5 (03]  — 0,900 241 89
¢’ 1igg co3 By — 0,183 365103
(T2l — 0,902 073 54
sin(A By)y — 0,584 467 67 - 10-3
(ABy). — 0°20°057,5580
(Bsh 56°25°00°,0218
(Na)o 0,639 311 15:10+7
(ﬁz) 1,000 018 U8
Nalo
sin(dBy) — 0,584 478 24. 101
(ABy);  — 0020°057,5798
By 56°25°007,0000_
Calculation of A32
\ 39 (Bps 56°35°02°,7899
140 _;-A Bsy — 0.10 02 7898
41 (sin Bp)as 0.K34 695 15
42 cosl2 ABy - 0,999 995 73

43 (g%AL,S + 0,256 121 42+ 10~

544 ctg%(azs—-aw + 0,213 784 22 104

179°45°18°,077
334°18°447, 950

45 a3 —aj
46 Ap

4 0,512 239 48-10-3 -

+ 0,181 145 54.10+*
" 10,437 341 86
0,099 994 74
4 0,437,309 56
0,414 227 261045
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end (2l)
0,639 322 71 - 1047 {
;

Cor"ﬁf'ml_ﬁcalculations by formulae (23)
N, .

¥ 1,000 018 08 N.
coszpy — 0,324 494 45,103
— 0,324 500 32 . 10-®

0,999 994 74

0,548 270 61
+ 0,437 311 86
0,999 994 74

“Product I |+ 0,153 286 55
T N 0,639 311 15
cos By 0,553 149 24

sin Ag, -— 0,433 462 71

sinzgy 0,999 994 74
Product IT — 0,153 286 55

cos B,
€03’z .
c03.%n sin Agy

sin zyy

7. Solution of Direct Geo getic Problem for Side 833
Given Sought Calculation B3 .
Bu Ly, S Aus By Ly As ’
B, 57°00°00" ,0000
L, 48 00 00 ,0000 27
Ay 189 00 01 ,949 28
S 0,657 548 08 . 10+% 29
N 0,639 331 23+ 1047 30
Su 1,008 493 60 - 10-3 3!
N 32
sin B, 0,838 670 57 33 (Bs)o
cos B, 0,544 639 04 s (N
sinA,, — 0,156 443 80 N,

cos Ay — 0,987 686 86 35 (N—s)o
Ay 0,158 394 13 36 sin(3 Byg)
A-tenlation of zia 13 3Bk =

e 0,673 852 54+ 10~2 (38 B,

% tgyils — 0,145 444 20 + 103

{8y3) — 0,987 877 69

sinzyy[tys] — 0,987 864 57

0,19 008 - 10—2
0,989 854 65

0,101 805 917-10—1
0°34°597,9341
5602500° . 0659
0,639 311 15 - 10+

e’tnyycos By
(71l
sin (4 Byl
(& Byg)o!

1,000 031 41
— 0,101 809 114
0035007, 0000
56°25°00", 0000

12 Ny
13 ny
14 agg
15 cos 214
16 8in z;y
17 ctg 213

— 0,542 247 -

0,294 032
0,101 890 - 10—4

— 0,515 265 70 - 10—2

-+ 0,999 986 73

— 0,516 292 54 . 10—,

CalculatTlon Ou o3

18 Ny
18
N, cos By

9 M S
! 31] sin zyy

sin By cos Ayg
cos By ctg z;y

[Qua}
ctg ALy
Ly

Declassified in Part - Sanitized Cop

0,972 295 79+ 1043

+ 0,529 557 27 - 1042

— 0,828 343 90

0,280 638 « 102
+ 0,537 812 65 - 10+
— 0,343 773 711042
—  0°10°00",0000

479507007 ,0000

39 (Bm)ls
40 —;—ABH

8042307 ,0000
— 0 17 30 ,0000
0,835 887 20
+ 0,999 987 04

sin (Bmhs

1
0s —AB
42 ¢ 5 18

43 ggleL,n — 0,145 444 20 - 10—

44 c(g_‘i(aw——u,,)—- 0,121 576 52 - 10—
— 17905138 ,461
8°51°40,410

45 a3 — En
46 Agy
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Check calculations by formula (21)
Ns 0,639 311 15. 10+7 |
cos By 0,553 149 24 '
sindL;y — 0,290 887 79.10—2
o _Product I |— 0,102 867 95104
T sinAyy — 0,156 443 80 ‘ll
sin z,q 0,999 986 73

" Product IT,— 0.156 441 72
Ll = Sy, 0,657 548 06 - 10+

Checlk calculations bv formulae (23) and (2l
2’_,; 1,000 031 41 N 0,639 331 23 . 10+7
€OS Z43 — 0,515 265 70 . 102 cos B, 0,544 639 04
coszy  — 0,515 281 88+ 102 sindyy  — 0,156 443 80
sin zgy 0,999 986 72 sinzyy -+ 0,999 986 73
o : Product I — 0,544 737 51 .10+
Ny 0,639 311 15 - 1047
cos By 0,553 149 24
sinAy -+ 0,154 041 74
sin zq, 0,999 986 72
proauct IF+ 0,544 717 4R 108

8. Calcuiation of Spheroidal Angle A, by Formuls (32)
(as check) -

Ay 334 18 44 ,950
A, 34°32°55,460
A 34°32°55%,463

Az 8°51°40%,410 ‘
|
i
I

Avpendix 1

: TABLES 1, 2, 3 and I -
the Calculation of Natural Trigonometric Values for Small
vitn Eight Significant Figures (Model from 0591 to 1Y)

Expi.anations for Use or Tables 1, 2,.3 and Iy .

. Tables 1 and 3 are intended for the calculation of sin x
‘and tan x for a given value of x", while Tables 2 and L _
are designed to provide values for x" from given values for
sin x and tan'x, Tables 1 and 3 contain values for the ’
proportions sin x and tan ' x, while tables 2 and I provide

X" x" :
values for the r~aations x"  and _x", where, for the
sin x tan x .

sake ol convenicnce, x is expressed in seconds rather than
radians, ' .

. _ 8-
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Example 1. It is required to find tan 0°5’9‘l7".23h-5.‘
Here x™ = 3857".2345. By interpolation, we find from Tadle
3 the relation for x" of tan X » (g ),8), 861 55 + 20)- 10=5 =

: - = (U, )
0.8l 861 75 10'5. From a ¥omputer, we find the v,lue sought:

Exemple 2. Find x", when tan x = 0.172 476 69+10-1, on,
‘the basis of the rounded figure for (tan x), = 0.172 48 -10
in Table li we find, by interpolation, the corresponding value

x" = 206 2Lh".36.
Lo ua kAR X
On the computer we getb:
| x" = (206 244",36 X 0,172 476 69.10~%) = 3557",2345.

sin x x"
8202

Table 1. Values for (for Table 2. Values for m(for

the calculation of sin x from a. the calculation of x" from a
given value for x") given value for Xx)

. -
s_m._)_c ' * sin x (stn 3y

i . 0°59°00" | 206 274°,93 | 0,017 1n?

0°59 (1)3 0,4847 8::{732 0 + 5 2t

20 961 20 5,05 259

30 948 30 5,10 307

40 934 40 5 ,i5 155

50 920 50 5,22 404

1°00°00° | 0,4847 8907 1°00°00 | 206 2757,28 § 0,017 452

. x
! X

it
Taole 3. Values for E;—-‘%-—JS (for Table L. Values for tajri = (for

the calculation of tan x from a the calculation of x" from a
given value for x%) given value for tan x)
b oea—— - = N

I
t tg x -
* x* x 2 x (tg x)o

0,4843 6128 o 0°59°00° | 206 244,55 | 0,017 164 .
155 10 4,44 213
182 2 a2 s
1209 30 4 310
236 4 4,09
264 50
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Appendix 2
TABLE &
Giving Values for the Main Hediil of Curvature M and N .of the
Surfacs. of the Krasovekiy Bllipsoid (Model from

56950" to 57° )
Table 5

Va.Luas for the Main Radii of Curvature M and N of the Surface
_of the Krasovskiy Ellipsoid

B M d

6 380 387,3 6 393 255,2
404,5 ! 261,0
421,6 ! 266.7
438,7 ! 272,5
455,9 ! 278,1
473,0 ' 283,8
490,2 ' ‘ 289,5
507,2 ! 295,3
524,4 ! 301,0
541,4 . 306,8

6 380 558,6 6 393 312.4

5.8
5,7
5.8
5,6
5,7
5,7
5,8
5,7
5,8
5,6

A ondix 3
CALCULATION OF INITIAL DATA OF EXAMPLE 5: 29 A'12’ Al’ A and A3
(AND FOr DIRECT VEKIFICATION: S 23 313 £ 0( )

The following values were taken for the coordinates of the apexes
of the spheroidal § B, = 57°0000",0000 L, = 48°00°00",0000

| B, =56°4505",5798 L, = 47°32'23" 4256

i By = 56°25'00",0000 L, = 47°50'00".0000
1. Solution of Reverse Geodetic Problem for Points 1 and 2

- B 57°00°00".0000 14 sindB;  —0,433 625 79.10-2
1 ’
134 56 45 05 ,5798 15 sin—;.A By, —0,216 813 41.10 ?
L, 48 00 00 ,0000 i
L, 47 32 23 ,4256 16 cos7AB,, 0,999 997 65

8Bz — 014 54,4202 17 sin(Bp)y 0,837 487 74
%As,z — 007 27 ,2101 18 ' sinal;, —0,803 121 28-10-?

(B 5652327898 . 19 sin L&l —0,401 563 88.10-2

ALy, — 027 36 ,5744

) 0,401 567 12.10-1
7AL,, — 013 48 ,2872 ——
Calculatlon of S12

B, 0,838 670 57
cosB, 0,544 639 04 , 0,639 331 23.1047 |
sin B, 0,835 300 99 0,639 322 71.10+7

cos B, 0,548 270 61 0.999 986 67
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i Y
sin 0)
N, ¢
4 2eins Y.
¥
N,
ﬁfslnB,—sin

M

0,951 599 10.10-%

t
)
i
{

|

0,380 634 57.10—4'

B,  —0,238 073.10-2

0,566 788.10—5

Calculation of v§_2 - (21

|

4 ap—ay

{40 Ctg%(alz—ag,)—O,SSS 308 33 10-2 |
180923077, 336

(ﬁ'slnB in 8,)" . ti
2~ sin ,) Calculation of azimuths Ajp and Ay

et 40,669 342.10-3

ky (g’ sin By—sin B,)'
i

N
N

2

0,756 211.10~7

—0,1333.10—4

0,1777.10-9

N \
v

bl

M
Sia

0,379 88v 14.10—¢

0,616 344 17.10-2

0,394 048 08-10+3

Calculation of o1

34 cos B, u-o Al
sinAB;y
cos B, sind [,y

I 36 sin B, tg%“—n

ctg az,
2z

sin %3,

—0,437 411 20.10—%
0,991 345 86

40,003 358 31

40,994 704 19
40,708 981 60

42 ‘l? sin B;—sin B,
N,

cos B,
43 cos By sind L,

—0,238 073.10—?

—0,125 344 10+

A4y

(Agg— i

: Ay
‘ Agg

sin A,
cos A,
cos B

sin A,
cos Ay

cos B,
sin 4, cos By +
~-tin Ay, cos B,
8in (A — aay)iy
D=cos Aycos B, 4-
+ cos /iz, cos é,
D-sin(Ay—ag)y

sintay |
sin (Ag — @)1
(Azy — 22101

0,502 655

+ 0°03°277,090
+ 0,207
+ 0°03°277,297

45°127347,915
22593542 ,281

—0,714 412 57
—0,699 724 71
0,544 639 04
40,709 690 00
+0,704 514 09
0,548 270 o1
40,000 005 19
+0,100 500.10—
0,000 516 70

+0,000 005 19

40,100 400-10—%

Check calculations by formula(9)

'
!
'

Solution of Reverse Geodetic Proble.nn for Points 2 and 3

Be
By
Ly
Ly
4 By

—% 4By
(Bza)m
Aly
%—A Ly
10 gin By
cos By

56°45’05,5798
6 25 00 ,0000
47 32-23 ,4256
47 50 00 ,0000
— 020 05 ,5798

— 010 02 ,7899

56°35°02°,7899
+ 017 36 ,5744
+ 0 08 48 ,2872

0,836 300 99
0,548 270 61

12
13
14

18

16

18

19

20

'

0,833 082 13
0,553 149 24
—0,584 478 24.10—3

—0,292 240 37-10—2

sin 33
cos By
sin A Bys

1
_—.A B')
sin 54 B

cos %.AB." 40,999 995 73

0,834 695 15
40,512 239 48102

0,256 120 58-10—

sin (Bzg)m
sind L23

sin %A Loy

tg _12_A Ly +0,256 121 41-10-2
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Calculation of 823

36 aln B,tg.%.A[.,, 40,213 370 19.10~-*

' 2 N, 0,639 322 71.10+7" !
‘ [ ! . 1
: .2 Ny 0,639 311 15-10+7 37 ctg agy +0,208 325.91 10+
Ny .58 g 334°2129°,898
. 23 o 0,999 981 92 B e oSl
’ ¢ . - .
24 oin? = 0,105 298 62.10— Calculation 0(23 . dBZ.

0,421 186 86.10—¢

Kpg =~ o . -
2 NosinB,—sinB;, 0,323 386102 san 179%45787,077 -
z »

! i A-- and

2 . L 23

? . -

28 k& (%uin By—sin Bg) 0,139 528.10—¢ | o 0,669 342.10-

2 d
29 Ny _, 0.1807-10~¢ 42 x"aln By—sinB, —0,323 3%-10—3

40 ctg_;_ (azs—a55) 40,213 784 22.10-1
41

N, : 5 ' cos B,
Ny \10-9 43 S5y ,196 958.10+3
% (Nz ) 0,327:10 i €03 B, « 3in A Ly, 0,19
, i
3l (%,2_3)z 0,419 794 85.10—4 | 44 sin? ag, 0,187 266
2 i
; ! ‘45 sin (Ay; — & —0,798 365-10—*
3 So 0,647 915 77.10-1 | ! (e = 2aal
2 ; (46 (Agy — auq) — 0°02°447,675 !
33 Sy 0.414 227 27-10+3 | | ‘
—_— 47 A Ag, —0°,274
Calculation of ofp )
’ 48 (Aaz—dn)u — 0°02°44°,949
34 cos By sin 4 L,y 10,280 845 85.10—3 i . ‘
i sinA B 49 Ay 334°18744",949
35 BT —0,208 113 54.10+1 5 04 03 008
COBBysind Ly T T TN 50 Ags 154 04 03 ,026
Check calculation by fommula (9) T
I sin Ay 40,437 311 86 ]
. | cos Agg —0,899 309 93
l cos B, 0,548 270 61
sin Agy —0,433 462 71
l cos As, 40,901 171 50 |
! cos By 0,553 149 74 '
- ‘ sin Ayg cos B, - sin Ay cos B4 —0,000 004 33 1
sin (Age — %)t —0,799 70-10— |
- t D= cos Asgces By 4 cos Ay cos By -+0,541 71.10-2 I'
' D sin (Agz — ago)yy —0.,000 vo4 33 i
i 1
- 3, Solution of Reverse Geodetic Problem for Points '3 and 1

|1 B,
2 B
3 Iy

4 L
5 A By

Declassified in Part - Snitized Cop

56025007 ,0000
57 00 00 ,0000
47 50 00 ,0000
48 00 00 ,0000
-} 0 35 00 ,0000

o

6 .;_AB“ 4017 30 ,0000
7 (By)m 56 42 30 ,0000
8 ALy -+ 01000 ,0000
9 _;_A Ly 0 05 00,0000
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K3 3 ) )
16 8in B, 0,833 082 18 . N 1,057 865 53-10—4
11 cosB, 0,553 149 24 '

12 snB, 0,838 670 57 f ? ou 1,028 525 90-10—

13 cosB, 0,544 639 04 ' 0.657 548 08-10+5
4 sinAB,  -40,101 809 11.10-} '

15 sialagy, 40,509 052 17.10-2 Calculation of ply
2 3
l 34 cos BysinA Ly 0,160 904 36.10—
i
]

16 cos.;_—.\ By -+0,999 987 04 5
__SindBy 14 632 730 60-10+1
17 sin Ry )y 0,835 887 20 cos By sin-A Ly, +0. |

18  sinal, 40,290 887 79.10-2

| 36 sin B, lg% a Ly, +0,121 979 77.10~2/
19 sin.;_ALu 40,145 444 05.10~2

37 ctg 2y 0,632 608 22.10+!
38 ' 188°58°577,856
39 sina,, —0,156 136 89 i

palculation of 831 Calculation of 0(31 - o(i3
21 y 0,639 331 23.1047
22 g 0,639 311 15.104+7
23 . * 1,000 031 41 : L smman 179951087 461

o m’_} 0,265 507 10-10—¢ ‘C‘a&gu}_ation of azimuths Al3 and A;_

20 tg_;.AL,l 40,145 444 20.10-2

40 ctg%(am—a,,) +0,121 576 57.10~2

et 0,669 342.10~-2 |
25 4 Migins ¥, 1,062 061 76.10—4 42 Nigin B, —sinB; 0,561 473-10-*
N, 2 | Ny

%6 MsinB, —sinB, 0,561 473-10~3 43 9B 0,338 486. 104
Ny €03 Bysin A Ly,

27 (il sin B, — sin B,)2 0,315 252.10~4 sina;, 0.243 788.10- '
WA sin (A3 —a;g); 0,310 120.10-8
28 h‘,(%‘sin B,—sinB,)' 0,420 610.10—% | (Ais—eyg) + 0°01703,967
. 3Ay” + 07,125
2 -t 0,3141.10—4 | (Ay—a)y” + 0°01'047,092
N A 1899007017, 948
30 (A—’a_ 1) 0,987.10-9 8°51° 407,409

Check calculation by formula (9)

sin Ay, 40,154 041 74 '
€08 Ay 40,988 064 34 !
coz B, 0,553 149 24 |
sin Ay —0,156 443 80
cosAg —0,987 686 86
cos B, 0,544 639 04
sin Ay, cos By - sin A4 cos B, 0,000 002 67
sin (Ajp — ay3)y 40,310 73.10—8
o8 Agg cos By - cos Ajgcos By =D 0,861 42.10—?
Dsin (Ayy — ay)y +0,000 002 68
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A

Calculation of Spheroiaal Anples Ay, A,, A_

=4
N Tovex 225°35°42~,281
1 189 00 01 ,948

36 35 40 ,333
154°0403",028
45 12 34 ,916

108 51 28 ,112
8°51°40*,412
334 18 44 ,949-

34 32 55 ,463

Uhpnrrecteg angles Corrections Corrected angles
| ! ' '
Ay 36°35°407,333 —0°,001 | . 36935°40",332
A; 108 51 28,119 | — 0,002 108 51 28 ,110

As 34 32 55 ,463 — 0,000 : { 34 32 55 ,463

180°00°03%,908 | ’ — 0°,003 180°00°03~,905

5. Galculation of Plane Angles of Triangle (1, 2, 3)
{Directly from Known Sides 8.,, S__, S,q)
Formulse; I A

Pt Sut Sl 0= (p= S)(p = Sy (p Suh

/ Check;
@+ ay - a5 = 180°,
Sas . Sy _&

sin site,  sina,

S, 39404,808 33886, 364 0
Sis  67754,808 i 7536,363, Q
Suy 41422,727 2 31868,444 P
%  146582,343 - 73291,171,

P 73201,171,

8138561910+
11104423,

10537753

tg%OBM%ﬂS | Correcticn
N 36°35°39",844 ~,842 —

a 3432 54,934 934
-4
tg 2—5 0,31097325 Za, 180°00'00’.002. 000
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A MgTHOD FOR THE SOLUTION OF THE REVERSE GEODETIC PROBLEM
FOR GREAT DISTANCKS THROUGH THE CALCULATION OF COORDINATES
FOR THE "MEDIAN" POINT OF A GEODETIC LINE

Works of the Central Scientifie. V. P, Yeremeyev
Rsearch Institute of Geodesy,

Aerial Surveying and Cartography,

No 121, pp 105-112

Formulae for the solution of the reverse geodetle
problem are usually derived from a representation of an
ellipsoid on a sphere, as proposed by Bessel. The length
of a geodetic %ine is representea in the form of a series
by powers of e°sin?

~The form and coxglexity of ths formula obtained depend,
obviously, on the accuracy required... As we know, an increase

‘4n the number of terms in the series mentioned along with

the increase of accuracy serves to complicate the formula
considerably. This involves practical difficulties, since
it is often necessary in practice to solve the reverse
problem with intermediate accuracye.

We describe below a solution for the reverse geodetic
problem which is of interest mainly for cases when it is
necessary to determine not only the length of the geodetic
line, but also the coordinates of 1ts intermediate polnts,
the length of the chord between its extreme polnts, the
azimuth of a perpendicular section from one point to the
other, and , zenithal distances along the direction of
the chord,

A calculation of this type may be performed with a pre-
determined margin of error. The golution ir “ased on the
following consideration. Since the rlattening of the
geodetic ellipsoid is not great, we may take as a first
approximation the arc of a circle passing through the
extreme points and deviating as little as nossible from the
geoaetic line. To select a suitable cirecle to fit a geodetic
line of considerable length, it is desirable to know the
position of .intermediate points. Such points may be found
.on the vasis of & well-known property of the geodetic line
which may be ror.ulated in the following manner 2I7Z if
we lo.er a perpendicular onto the surface.of the ellipsoild
from the middle of the chord connecting the extreme points
of the geodetic line, the point of,intersec?ion of ?ha pere-
pendicular with the surface of the ellipsold will lie on
the geodetic line, close to its midepsint. Let us hepceforth
refer to that point as the "median’ points#,. The coordinates
of this point are easily found from those of the.end-points
of the geodetic line. Knowing the position of the "median"

3% Tet us note that this point is, at the same time, th
"median" point of aligmment, i.e. the direct azimuths of Xkx
perpendicular sectiomsat that point to the egtreme pointa of
the geodetic line will disfer by exactly 180~ (ef. Appendix,
Examole 2). ° )

-~105= .

.



P

oint and of the two end-points of tac geodetic line, it is

possible to determine the radius of the circle passing
through these three points.

#e will take the length of the arc of the circle thus

piotted as tnhe length of the geodetic line between the
end-points.

Tn substituting tne urc of a circle for & geodetic

1ine of consiaerable length, the pesulting error may be
outside thne permissible margin., In tnat case, the geodetloc
line should be aivided into two segments, and the coordinates

of the "median" points of cach sesment should be determined

separately. Then a circle should be found in the manner
described above for each portign of the geodetic line. The
pracess mav ba vnnpntﬂd many times. 1% is tnus possible

to attain any given margin of error.

Let us note that the need does
not arise for the division of the
geodetic line into many parts, since
the error decreases raplidly as this
is done. . For example, it can be shown
that if we use one "median" point for
a geodetic line of a length of 1000 lkm,
uncer the most unfavorable circumstances

} (see Appendix, Example 3) this length

f will be determined with a relative
gccuracy close to 1: 1,000,000, In
determini the length of a line
measuring 8000 lam, threce "median"
points must be used to attain &
comparaple accuracy. The coordinates
of the "median" point of a geodetic

Fig. 1 ' 1ine are found in the following manner.

Since a perpendicular lowered onto

the s.rface of the ellipsoid from the mid-point of the chord
1ies in the plane of the meridian of the Imedian" point of the
geodetic line, the longitude of the tmedian" polnt will be
defined as

tgl,=

kl“;l

3

’ (1)

where X ?m and zZy are the coordinates of the mid-point of
the chord which, in turn, are found from the coordinates of
the end-points of the chord:

Xy =

X+ X, - _ itV - _&zn+tzah
2 H ym‘— 2 3 zm— 2 (2)

The origin of the gystem of rec¢tangular coordinates lies

at the center of the reference ellipsoid, the z axls coinciding
with 1ts short exis and the x axis being situated in the plane ’
of the initilal meridian. .

Somewhat harder to find {s the latitude uy of the "median"

point, needea for the solution.

From, Fig. 1, which is in tne plane of the meridian of the

fpedian" point, we fingd
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and, thcrefore

‘Keeping in minc that - 2 1
e a
zo=bsinu,; tgu,=y 1—€.1g8B, ¥ 3= 1z

we find . - -
P a
' tgu,,,:]/l—e“-%&-i-e"",;smu"l' (')
n

~ The Jerived latitude is then found by the methgd
gﬁ sgzciis;ze'approximations. Since the second term én
fe righv-hand side is considerably smaller tha :
the calculations are simple. Y han the first,

From the same figure, we nay obtain a formula of somewhat

different form which, in
] s some cases, may be more convenie
use than the first: 7 ne to

L Vii+y, a1 |
clgu. = mn__ m — » = COS um .
€ lm 1 1 —e3 z, ",/-l—e Zm ' ! (Li—)
where =V EAL o5 |
Pm= xma+.ym2'
Knowing tan w, and tan Ly, we find:
|" ) X, = @ COS i, co8L,,
i Ym=acosu,sinL,,

2z, = bsinu,,.
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For the calculation of the length of the geodetic line,
we obtain the for.ula (Fig. 2)

_0. 0 | |
. ' tgo—-2l°_§m0 ) N ) (5)
tg% = ‘%‘, d: V (;m .__xm)') + (;,-m ___ym)ﬁ + (_z_m — zm)g’

where

2U=1 (% — %) F s =0 + @ — 7). -

The formulae for the calculation of the azimuth of
the perpendicular section haye the-following form (see
similar formula (30) in [ 1/, where longitude L at the
initial point 1is taken to equals zero):

(7a—2)) cos By — [(xp— x)) coS Ly + (¥, — yy)sin L}] sin B,
(Y2 — y1) €05 L, — (%, — x,) sin Z, (6)

ctgdy =

For the reverse azimuth Kél’ subseripts 1 and 2 in this
formula should be transvosed. .

For Ly = 0, these formulae become simpler,

The formulae for the determination of zenithal distances
have the “~11awine Parnm fesa farmulae. (28). and (29) in /—-‘l]-):

o —__[(xg—x,)cosLl+(y,—y,)sin1_,]cdsBl+(22-z,)sin8'l =

| S m) s B, () o Tt G gt 05 (7)
or ’ T
- e
ctg ;12 - [(x3—x,)cos Ly+(y,—y,)sin L,]Jcos Bl—'{-.(z,—-z,) sin B,
For| %% 0= 3,05 L, — (%, — ) sin L,
2 must be transvosed in these Tor.ulae.

I the need arises to calculate the azimata of the
geouetic line, it may be found by known methods [3)],
using the value for So found by means oi' formula (5] of
the present paper,

The az.iimutn or the geodetic line may also be obtained
by repeating, at one end--oint of the geodetic line, the
process of multiple subaivision, Then the azimuth of the
perpencicular section of the smellest link will approach
the azimuth of the geoaevic line, It is taen possible,
by means of a snown formula (2 / to maxe tae change-over
to the azimuth of the geodetic 1line.

Knowing the azimuth of the geodetic line at one voint
only, we may find the azimuths for other points, by making
use of the known relatien: o :

sin4,,. (7a)

| €= cosu,sin A = cos u,sin Af = ... =cosu,sin 4,
Below, we.give examnleﬁaof calculations by.means of
%P 1 i T = it ir_cohvenient to compile
#For calculating y T Q’

a table for the variable x = § = tan # . Then y ® (1 x%)e

S 22X, If we assume that X varieS within the limits

0.05 - 0.4, by developing in a series by powers of X, we have:
: _ A _xl x8 8 'xto_‘ x12
; y=l T S A ft )

;lud—
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= 8000 km and one “"median"
Ogi;‘kble igzmiizazzg?:?dihﬁgsiﬁ’.t frométze;gzai:o‘ﬁigz ig.fn .
go eq\’lé.ls ~-100 4, and is reduced \to ~ . )
poingg; e given length of the ge"odeticﬁ%n;acgewﬁzgaz;:
devi_.ationlfi‘romcz::sinéa::ezx;ll;? Zii:?ltwcurvature vzriitiir]?zstrated
%egueZégatogzal areas along a meridian. This cas
b}} i};{a'mr>le 3.
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Example 1. S, = 8000 lam, one "median" point i,

‘
i

Calculation

8,

68°58°00", 000

Ly -+ 33 05 00 ,000

B,

37 45 00 ,000

Ly —122 26 00,000

or 50

3]
i

]

tg B,
tg By
Vi=e
g u,
tg u,
cos i,
€os uy
sinu,
8in uy
cos Ly
cos L,
sin /.,

Ve
&y
x”l
Ym

Im

gLl
cos /.,
sin L,

‘ ;/’;m’ +}7Ml

Zm_—

V X +
Vi—d. _Zm____
V et + 7

2,6005659
0,77428273
0,99664767
2,5918480
0,77168705
0, 35996206
0,79168327
0,93296694
0.61093175
+40,83787754
—0,53631791
+40,54585526
—0,84401605
6378245,0
-+1923705,0
+1253250,3
+5930743,0
6356863,0
—2708164,0
—4261901,2
3883609, 4

—392229.5
—1504325,4
-4-4907176,2

-0, 38353194

—0,25229951

—0,96764919
1554618,6

+0,31565145+10+!

+0,31459328, - 10+

# Exaniple taken from [ 37

-110-

36 (tgupy)y +0,31459328.10+1

37 (sinu,,)y
38 (tg uy)
39 (sin uy,)
40 tg llm)"
41 (sin up
42 (g upm
43 cosu,,
44 sinu,

4  xy

49

50
51
52

53

54

55

56

57 sinQ
Q

58 o

59 So

1

48,
latinn of

60- Xy — X,
61 Yo —
620  z,—z
63 cos B,
64 sin B,
65 cos .,
66 sinl;

—483830,8
‘46 —1855645,7
47 46062739, 4

. 48

l-—
val . SN

+0,95301140

0,31721040.10+!
0,95373226"
0,31721238.10+1
0,95373133
0,31721238.10+1

0,3006€018
0,95373133

146714306
1211256,8

560618625
7487447,0
3743723,5

0,323543 34

175543117
359517267, 224
0,62582766
0,58576829
1,06838774
7999496, 6
7999605,5 &
— 108,9

" o
azimuths A.2 and

[ verpendicular section

—4631869,0 |
—5515151,5
—2047133.6
-+-0,35881102
+0,93337178 |.
—+0,83787754
+0,54585826
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INE:
TN

R

67 (xp— x,)cos_él_-{;(y, fyl) sin L, —6891430,0

68 { Numerator | 4-5697527,5

% Denominator |—2092677,6
70 ctg A —2,7226017

7 A | 339°49°54,953
|  Exact val. | 33%°49754°,956

72 cos B, 0,79068957

3 sin B, 0,61221728

74 cos L, —0,53631791

% sin L, —0,84401605

76 (x;— x;)cos Ly - (y; — yp)sin L, +-7139030,7

7. Numerator | —5989285,1

78} Denominator ! _951497,3

79 ctg Ay -+-6,2045897
80 Ay 9°01°377,010
Exacl, %13. 9°01°377,011

Calculation of zenithal Ndis'ta_nce Zqo
| 8t A(x,ﬁ—— x)cos Ly (ya—y)sin Ly —6891430,0

83 Denominator | 4 5697527,5
g = _ . Fractlon | _o 76948236

85 cos Ayy -+0,93868531

86 ctg 21 ~0,72230179

87 24 144°09° 33", 664
CTTTHE 144°09° 33", 661

1212
1] - - - e e m—— o ————— o e

82 /' pnumery voa —4384146,9

Example 2o Geodetic line S5 = 8000 km, divided into two portions
) ST and S1I
For -:rtion Sy For portion S1I1

—483830,8
—1855645,7
6062739, 4

—-2708164,0
—4261501,2
4-3883609, 4

X -41923705,0

N . -+1253250,3
+4-5930743,0
—483830,8
—1856645,7
-+6062739,4

-}-719937,2 —1595997,4
—301197,7 —3058773,4

+5956741,2 +4973174,4

—0,41836663 -+1,91652781
-+4-0,922519123 —0,46259235

—(,38585124 —0,88657112

ca ~N W N

0

— et
N - O

-+4-3450116,2

-4780403,5

%1lll-
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N (5 £

. —_—— 3
-9 Vidins s i
15 Vi 2 o)
¥ ;m.+)7m, -47,6583949 ~+1,43661906
6 ae?
. ._——l/;.' T -+0,05470538 -40,01237416
17 (g #mh --7,6841547 +1,44145128
18 (sin uy )y +0,99163813 -+40,82163902
19 (tg upm)t +7,7126428 ~+1,44678615
.. 20 (sln up)y -40,99169901 +0,82262335
21 (g umht +7,7126461 +1,44679833
2 (sin )p ~0,99169902 +0,82262559 i
23 (42 Umhnt -4-7,7126461 +1,44679837 R
- 24 cos Uy, -+0, 12858090 -+0,56858344 .
B . 25 sin up, +0,99169902 -+0,82262560 )
i 2% Zm + 756 576,8 —1677 621.0
27 Im — 316 52,5 —3215 207,4
28 im 16304 04,8 15229 318,2
2 a? 960436678 967436547
. 20 d 309909, 1 311036,4
31 m 154788860 154863313
3 24 3934321, 6 3935267, 6
33 ! 1967160,8 1967633, 8
d
A=t %’. 0,15754132 0, 15807636
3 %_ 89577107, 328 8°58°587 006
. 6 Q° 17°54°20" 656 17°57°56",012
37 7 0,31251407 0,31353815
a8 sin ¢ 0,30745191 0,30844525
t O 1
: 39 o 1,01646488 1,01657637
!
; ; © Sy, Sy 3999099, 7 4000500, 1
g é:_“_ 41 __ _Se=8Si+ 8 = 7999599, 8
o - I T EXact val. So | = 7999605,5
” o e A_Sn = - ?*7 o @
_ Calcutation of azinuths Alm and %
s {_M‘I“‘?I‘ vortion Sy : For portion STT
TTTTY
. . 42 Xy — - } ! )
L ‘ - yz_ i 2407535,8 | 1 —2224333,2 |
S T . N
- 31— 2, +131996,4 ' ‘ —2179130,0
y T o

-112-
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sin By -+0,93337178 -0,95401976
o3 B, -0,35891102 -0,29974267
sin L, +-0,54585826 © —0,96764919
cos L, -+0,83787754 . —0,25229951

(%9 — x))cos Ly (y;— y,)sin L; —3714236,7 +-2889609, 4
- WUMELECOL ) 1351413%,7 —3409923,4
" Denominator | _ie0700,8 —1545277,1
ctg Ay T —2,7926504 +2,2066744
Aim 339°49756", 368 _204°22'43°,093
sin B, 30,95401976 +0,61271718
cos By +0,29974297 +0,79068957
sin Ly —0,96764919 —0,84401605
cos L, ) —0,25229951 —0,53631791
(fy~— X)) o3 Ly+ (yy —yp)sin Ly -+3615740,8 +3223868,0
Numerator '} —3409923,2 —3696773,1
Denominator j4is4s277,1 —586855,0
clgAn +2,2066743 ctg Az +6,2992104
Am 24°22743°,097 Aym  9°01713",564

! + 200
0
u  — 200
L, 0 '
|
WHe £ind directly on the basis o# geometric considerations:
V—__il—_ez -tg%.l: tg Q = 0,1769 2007
Qe 10001 58,633
Q 0,17510807
2Q° 20°03°57*,266
sin2Q° 0,34310084
I=bsinu 2174175,2
. Sy 4438527 ,4
Eract val, So} 4438520,2 x
a'S, +7,2x
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