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| AXIALLY SYMMETRIGAL MAGNE TOHYDRODYRAMIC
EQUIL IBRIUM CONF IGURATIONS
gy R. LUst and A. Schlfiter !

From the Max=-Planck Institute for Physics, Goettingen

n

' The condltiops for magnctohydrostatic equilibrium are
studied in the case of axial symmetry. The magnetic fteld

! {s divided into its meriélonal and its toroidal parts

which are d;scrihed by the scalar functions F and T re-

! spectively. "It {s shown that the gas pressure p and the

| functions F and T have to be functlions of each other.

! TakM™g in particular p(F) and T(F) as known relations,

! a differential eq&ation for F is derived. The cases in

E which this differential equation is linear are con=

} sidered and explicitly solved if further@ore T(F) =

; const. In a speclal case, the ﬁagnetlc Iines of force

| are calculated numerically and shown in a figure. Some

remarks on the stability are added.

o .
A magnetic fileld exerts forces on a conducting body when
electrical currents flow through the latter intersecting the
lines of flux. Conducting bodies of special interest for
astrophysics and for many terrestrial applications are

plasma, i.e. gaseous conductors. 1f gravitational effects

are unimportant, then a static equllibrium can exist generally
only if the forces exerted by the magnetic field and the gas
pressure of the plasma are compensated everywhere. Since the

forces caused by pressure are rotation-free, this equilibrium
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% }f - guirtlly cumot bc fulfilled but corresponds t.o a requlrement - :

’ SRLETI ) 2ol - .
‘of Chc coxi’xlgtutlon of the magnetic field. A special case |

T,

ts when the cnrrents in thc condnctgr have

Y g, a solutton ‘by » ti“c:‘ics cxpmsion
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' - divided as shown earlier,3 into a poloidal and toroidal part:

.-

3~ :12[[‘:’] grad F] + 52 [ozr‘] T {2)

— i ade

We have T as thé local vector and ¢, as the unit vector in )

the z-direction. The function F(s,z) has the {mportance that
the course of a line of flux in the meridian plane I1s described
by the equation F(s,z) = const in such a manaer that the cn-l
v tire flux through a circle is given by 2WF(r) which is

formed by the rotation of t.‘he point s around the symmetry

. . . I
axls In case F ~ O on the symmetry axis. The function T(s,z

1o

i e © fl\}.-.
c-ég‘ _hus the &nalogous importance for the lines of the electric

( ’ L
A~!'. : -
. current. . i.
’ On account of the assumed axial symmetry, the following ’f
1 M ds true' for p, F and T: ' . 4
B %
ks C'[.zr] grad p) = 0, ([ozr] grad F)= 0 and
! B
: (te,) grad T) =0 (3) 1
, ' |
ﬁ L The rotation of the magnetic field is thus given by: - T

‘- e B

" N 1 ‘9 .
g ot B 5 (a7 OF - 3 ({s,r] grad T] (4) 3

] e ~ . o _ _ ta
SR G is a differential term in the above which is defined by3: B

" a2 .12, 2
ds s Os b?.

o
- A

As shown by Chandrasekhar,! @ s identical with the Laplace
i

term for an axially symmetrical function in a five-dimensional

euclidic space. Substitwtion of Equations (2) and (4) into

(R
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the equilibrium Equation (1) now results ing

1

gradpz-h1—n.f (GF)grtdFO—zTgradT

+ fz. {e,r] ([s r)-[grad T grad F])g (5)

Only the last terl on the right side i{s purely toroidal. It

must dislppear for thc satisfaction of the cqullibriu, i.e.

- —

the magnetic fields nust. be free from angular lo-cntu.3

Therefore, we must have ) v

.
— S

[grad T, grad F] = 0 o “)~,

This equation states that the lines F = const (lcriilbtll"
pro jections of the lines of flux) must coincide vith tlo lluz ,
T = const (meridional pro jections of thc li-cs of the clcc- .
tric current). It is satisfied gen F and T are functions '

of each other (not necess rily ¥ingular er reciprocal).

Thus we have for Equat /(5) ’_ ‘ ‘ - ; z
wb-‘r ’ ’ ~. 1 - . ’ w
K ( it T P Tz-) . L R . ‘ :.\:, ]
.grad p = —""'2' (@F) grld}' fzgnd _ , 47) - B
je-:':"f. o } ‘ ; . 4LNs { o ' (\JQ :
) e 3 ‘s take T2 as a function of F and let .
) 7 = g(F) (8) -

Thus Equation (7) is changed to

grad p = - E—i—‘g (er 01;%?) grad F (9) :

- ~

It follows from this equation that the lines p = const afd-

N v

_F = const must coincids, 1._.3. p and F are also functiens

of eidch other. From Equation (9) we fimlly obtaim the

I 'n-

{‘

'r - PR ff,«
% :iﬁ ""' . '*\;' “W?‘ “-‘5‘ s
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following equation (see also Chandrasc¢ckhar and Prendcrqast)g:

oy Ly g0 o

(10) is a differential equation for F {f the pressure p and

the teroida! magnetic field Vg have already been disposed

‘of as functions of F.

2. Spscial Axially-Symmetrical Fields

In the follewing such formulations will be selected for
p and 3 that the differential Equation (10) {s lingar for F.
Therefore, we let
F=- -1 (F +b) (112)
L« 4

RY

%‘Ncr + d) (11b)

‘'where 8, b, c and d are constants. Thus, we have for Equa-

tiem (10)

-

@ + cF + d= s°(aF 4 b) (12)

- e
The case & = b = 0 (i.e. censtant pressure) leads to force-
free ;ngact!c.floldt. The case c = d = 0 indicates T =

comst, i.¢. the tereidal cemponent of the magnetic field is
free {ro- v‘rtcxcs and dees neot cxertuany force. This case

will be discussed ia the fellowing. We will now search for

selutiens of the differeatial equation

o« = .Z(ar’o ») (13)

Let us assume first that a ¥ 0. Them a selutien is given by
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& o= -0 a, a £ o (v
i
An addltive constant {n = is mearintless since the magnetic
f1eld, accoruing; to Zguation (), is cetermines oniy ov

derivations of F.

Since the general solution of the differential equation
i{s given by the superimposition of the general solution of
.
the homogeneous equatijon ana of the above special solution
of the {nhomogeneous equation, we neec only ne interested in

the following for solutions of the hemodoceneous equation. For

F we formulate a separate equation

T = S{s) i(z2) (1-)
; This results in the two differential equations for 5(s) anc2z):
18 s (as? e N)s =0 (16)
¢ s ds
ds
and
dg
: —-—ZZ*AZ=O (17)
: ds ry

A hare depotes the separation constant, The general solu-

tion can be obtained by superimposition of the solutions of

various A, l.e. by integration over A:
+@
F(s,z) = S S(s; A)Z(z; A)d (18)

-Qa0

The solatisn of Ecuation (17) is given Dy

2023 N) = AlA) ! VA2 grayemt VAR (19)

with A and B as the integration constants. #hen A < 0 then
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2
we ootain solutions which depend exponentially upon z and for -
A > 0 periodic solutlons are obtained, © e
For the solution of the differential Equation (16) ¢ ws !'fa
perforim a transformation of variables :‘f:.“'
X (7o
2 . . . I .
t = Vas®, a>o0 (20) L.
. " . LN
. “Then we have for (18): N
6.
;"\"_
.2 v
. . . x
! 13 = (L« A5 -0 (21) '
i dt - Va
; ¥ith the tr'ansformation
s = te"t2y () (22)

-

L
we finally.-arrive at a differential equation of the confluent

hypergeometrical type
ey ndy o1 A o .
t——é+(2-t) ~(r—+1)y=o (23)-
dt dt i Va

The general solution for S {s thus given bys

L) = U <2~ (VE/2)s2( 1 A 2
S{s; A) Ve ; .(C(A =1+ EE. 2,YVas )

- ohppaed %2 Ve s2) 1n( Va sa)f.(,%é.z'w,z,];  (24) :

C Nnd D in the above are Integration constants. K a ,>r. x)

{s the so-called confluent hypergeometrical functioné and’.( o,

Y, x) is a potential series:

zlixl_l_ o #1) %1 1 1 g
R R R R R P P (25) f%

1
. e

S(s, A) 1s regular in the null point, while it increases

S
455 NS

. !‘ L ) N __.“.
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. 8
exponentially for large values of s, since F(& , }, x)~e®
fer large x. In order to retain a regular magnetic field In
the null point, the ‘1nt¢gruion constant D mist be zero,
Up to thc prcs;'nt-, it had been assumed that a # 0. The
cqu a= '111 now bc investigated. According to Equation

.3 ~ (11a) th!s -nn: that the gas pressure

.

. PRl + const

v If b would remain g'ii';, ‘this woulid mean that the electrical

. & : T Lo ~
' current density (~rot 1)‘ disappears. This case will be dis-
. rogqu'cd l(d » ¥ 0. PFer the function F we now have the dif-

ferential equatien

- ..

T e -.r-bsz © d26)

P

. Simce (1/.)GF !n thc nridiontl magnetic fields under
consldtut{on ‘here is pro;.rtional to the clcctrlcal current
dnslty, then the —gnctlc forccs are in equilibrium with the
prnsnrc forccs ir the current density increases proportion-
ally to thc di stance fro. the symmetry axis and 1f it {s
l ' !u«poudmt of t.

. An’ inhg-ogcmou solution 1Is given by: .

. SR S ' (27)
thilc.\jdr thc ho-ogcncou plt‘t the separation Equgtion (15)
nulu u thc dlfforchtul cqution

o ¢ o
2 .
. d%s 1 gs .
BT A & A‘S 0 (28)

T
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for 2. The differential Zquation (27) is of the Bessel type
and the solutions are Bessel solutions Zl(x) of an imaginary

argument. The solution which is regular in the null point is

given by:
S(s; X) = C(X) sLti VX 's) (29)

C Is an integration constant which is elther imaginary or
real, dep;nding upon whether the value of th;a Bessel func-
tion is imaginary or real corresponding to the sign of A.
When }3_,0, then S(s; A) increases exponentlally'r for large.
values of s, while S(sz A) for A< 0 is proportional toVs
when s'noves towards Infinity. 1In this case the magnetic
fleld moves towards infinity for large values of |2|.

For A= O we obtain specially:

2

S(s; 0) = Ds™ + E (30a)

and

Z(_s; 0) =Gz +K (30b)

wh?re D, E, G éw are Iintegration constants.

. Solutions which are periodical in z, for example, will
be Eiscussed in greater detail in the following. In this
cns;e ) z 0 and t.l"u;: integration constant G = O. Then the
value of the integration constant E is negligible. Then we
have, for the flux function F(s, z; A ) according to' Equations

(19), (27), (29), (30a) and (30b):

F(s,z;AA) = A11311(£'\/X,s) cos (VA,z) + 8132 + g— sh (31)
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' In the above the factor i has been chosen in such a manner
I that Aﬁ i{s a real [ntegration constant. B1 is also an inte-
gration constant. An additional free integration constant
has been set equal to zero which denotes only a determination
of the phase position with respect to z; _
A field resulting from this function F(s,z;X) has been ..
M B
shown in Fig. 1. The parameters have been chosen in such s

manner that the gas pressurs

p=~(b/4N) F + const’
% is maximum oh the axis and always decreases for all s*li*fif,}
L S vicinity of s = 0 for increasing s. For the special pi?i;dll
meters of Fig. 1 (A; =1, B, =1, b =1) it is the case for
the vicinity of the axis up to the line of forcc on which
Fs9.6. By a suitable cholce of constants avalltbic in the
pressure (= gas pressure on 1 the axis), it Is then posslhli

to obtain a positive pressure everywhere in the tube thus T

o

formed and assume 8 given value, for example, p =0 oh:qn
arbitrary line of flux. This line of flux can then bcl!dcn-
tified by the wall of the vessel in the 1ntcrior of which. thc e
magnetic field holds the plasma éntirely (for p = 0 on the IR
wall) and partially ;ogether and there our equations are m

longer valid on its exterior; in contrast to the abovs, the

SR

. magnetic field is formed by & corresponding arrangi.cut'o{ ) W;ﬁ'r;
h | o
ig coils. _ :
si b Fig. 2 shows the graph of the magnetic field strength
L‘\ . _ RS
i and of the gas pressura p on the lines z = 0, +29; ... sad
i
; 459 Ly T
; R ﬂgﬁn ”“ﬁ??ﬁﬁi : . qia;%_gj..
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IR
z =2V, +3q... as a function of the distance from the
symmetry axls. In addition, the function (82/61f)+ P
(= "total pressure” = "magnetic pressure™ + gas pressure)
has been plotted also. In the case of an extended magnetic
field, this function would be constant while in this case it
shows the influence of curvature.

R g 5
.o _ “J..~ Stapility of Ax{aly-Symmetrical Fields

L ’ In conclusion we will mention briefly the stability of

! the nor'ldlonnl fields under consideration here. In an

> Y earlier rcport,7 the stability of general equilibrium con-
¥ _
’“53‘!1 figuratiens has been investigatcd. In the case of meridion=-
n““ - i

al magnetic flelds, we obtain the following from the clted

- Equatien (23) :

(o War= S (pptatv w)? + giplrot (v 3)%)at

2
' +5(, grad F)2 -‘ﬁ&ﬂ qt ~ (32)

oS}l', Laa,rin)((07]-arad (8 9rad F))

L8

- R (9 grad F)([e,r]0grad 1y (Le rlo)))aT
. .

where 9 lspthc velocity of the plasma, 3“ the raug, of the
specific heat and dT is the element of volume. (For the
derivation of Equatien (32) it has been assumed that the
sermal comnlts of § and B at the surface of the considered
" velums will ;iuppur.) The stabllity ef an equilibrium con-
(lguﬁuon is Idcunmcu by the sign of 02, whereby wa <0
denotes lntaﬁl!ty. It can be l..l.l from Equation (32) that
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the first intenral always results in a stable part., The

second Intearal will also alwavs resuit in a stapl:z part Dro-

> O
vidged that d7p(¥)/d¥" = 0 everywhere. The siqn of the last

Lerm can be positive as well as negative. But It can- be shown

< . .
that the intenqral ‘disappears If the disturbance 9 {s inde-

pmdent of the azimuth f . Meridional flields wlll de stadle

to those disturbances in case dp () /dF £ ). For'the fleld

described by £quation (1) (see Fln. 1) the Zauation (11a) is

also dzp/dF2 = 0. This field is thus stadle to dlisturbances

which do not depend upon q). .
We wish to express our gratitude to Mr. A. Kurau for

the mathematical calculations which have been pcrfoﬁmed

with the electronic calculator G2. : .
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l b
i Fig. 1.--Course of the magnetic field which is defined - ‘. é
‘l .

{ by the flux function F according to Eqmation (31) with the

i parameter values A1 = B1 = b = 1. The numbers at the flux

: lines are a measure for ‘lgnebic flux which passes through
i
the circular cross-section between the corresponding flux

l1ine and the z-axis.

—

1 4

Fig. 2.--The magnetic fleld strength B (solid cuive),

the gas pressure p (dotted line) and the “total pressure®
p + BZ/Bf(dot-dash curve) in relation to the distance s

from the symmetry axis for YAz =0, +2% ... and for
YAz =+%, t3F... —B; ==-P, =.=.- BS/8T + P.

455 /9
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i Flg. 1.--Course of the magnetic fleld whigh is dc“nc1l N f
1 g g ) qv \.\ ,
li by the flux function F according to Equation (31) with the, %
!' parameter values A, = B, = b = 1. The numbers{;at the flux ‘ ;%
i , § o
! lines are a measure for t.*-gnetic flux which passes through ,
' e ] ' A
! t/he circular cross-section between the corres pding flux
: ' :
‘ line and the z-axis. '. : E:_i; .
| : £t
i kl - £33
i 3 5
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Fig. 2.--The.magnetic field strcnkth B

the gas pressure p (dotted line) and the “tota e

N : .4
p + Bz/ﬁf(dot-dash curve) in relation,to thF dht_tnM
‘ -

from the symmetry axis for Az = 0, 42% .. and for

VX2 =t W, £3F e —B; =P, -.-.- §2/8T |+ P.

]
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