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[ﬁnwz The abeve 18 the title of an artiole written by 1. M. CGel!fand and
A M, Yaylew, which appears in Zhurmal L.ksperimenta.l'noy i Leoreticheskoy
Flziki Vel 18 Mo 12 (Dec h8), papes 1105-1111. “he authors are aftiliated
with the Mathematies] Inatitute of the Academy of ‘iclences Us8ks  The authors
Stale that the results obtained in theip sarlier work, appeardng in Zhip

18, 703, 1946, are used in the rresent work, |dver below, ta cnnsider the
prolilem eoncerning Lhe concent of “ohurge ernjurates", discusaed varlier hy
fo Majorana in ‘leve cim U, 11, 1937, end by ¥, A, Erorers in froe funst
Aceet lied 10, B, 1937, in connection with the invarient equetions of gen=
vral relativity, The results obtalned i the present work are completely

formulnted and some pertinent examples are also giva§7.

1. Rklativiﬂtlcally invariant equations deserdbing Lthe wave llelds of

alerentary rarticles, we shall deverile here, as in nyjﬁ in the following

forms
Y e el s

(1)

where LK (=0, 1, 2y 3) are finite or infinite dimensional matrices and

“appa k is a real constant, Intervction with the external electromagnetic

field be wil) introduced here in the usual way: when such a field is rresent

emvation = 1 is replaced by the Tollowing equatinns Lk (§£k~miégp$-HiwL¥'%E)
" Here epsilon is the elenentary charge of the varticle corresponding

(164 purticle) to the field psi, qz, and phi-sub-k, ?Qk’ is the foure

dimensional potential of the electrom.pgnetie field. (we shall make use here

of the system of units in which Planck's h-bap equals one, f = 1, and the
veloclty of light is unity, ¢ = 1), !
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In the case where Whe eouations deseribe pariicles with epin 0 and 1
(neffine=Kemter enustiong), the m wiecen ¥ ure usually se aelected that
they become real relative to reduction by 1. In auch a cene, ebviauely, the
starred oel function, ﬁ/“, complex conjugate to any arbltrary selution

pad ) of equation = 2, will gatisfy the fellawling aquatiens
{ ]

L (‘glk' booES ) i,* e Y= O (21)

G
which difrers from pquetion=2 enly in tho anbetitution of plun erailon,+ B
by ninug ersilon, =8, Eauation=2' deseriben a pariicle with propertles sladlur
Lo lhono of the particle deverived by equation=2, tut with the reverse siin

of the churge fantipartlele)s Fauation=l for its part, topether with psi Wf,
will always aatisfy aeleo Lie comlex conjugatn nsie-stor, »;4”; that is, along
with the selution carreaponding 1o Lhe particlo wnder «tndy, we shall always
have a selutisn lor the unlipsrticle also, For the neutrsl porticle, it is
ns. entlol to tuke into considern‘igﬁﬁ;ﬁgt the particle and untlparticle co=
ineide with each other; in this case we musth deseribe neutrul particles

with srins O and 1 by means nf the real functions g o= {:* satisfying
eqation=1.

Application ol these considerations to the case of Dirac's theory was
made by . Majorana [2_7 and Kramers [-3_7. Tt s obviously impossible to
consider in exactly the sama way 88 in the case ol srdn O or 1;M2¥§2’trans-
{tion from psi, + , to psi-star, {J*, 4n this case does not convert the
solution of equation=2 to the solution of equation-2' and in general does
not possess any relativistically invariant significance, Instead of the
concept of complex conjugates lajorana and Kramers introduced for this case
the new concept of charge conjugatesJThis concept and slso the related theory
of neutral perticles for the case of spin O, 1, or 1/2 were also considered
in [i-§7+ The results obtained in /1.7, concerning the invariant equations
-2 -
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of general relativity of the farm of equationel, parmit ene teo consider with=-
out diffienlty this problem in the geneval ferm, It will then Le particularly
clear that charge conjugates do generally esist in sueh cases, That charye
onnjugates do not exiat in all cases 18 indicated in partieular by examples
of enuations that deseribe particles with just one aign nf the charge [9_7}
there alsn oxist finite=dimensional equatiens for which there are no charge

conjugates, as shown in section 7 below,

2, The wave funcllon psi-upper=Q, \.PQ, namely the cliarge conjugates
to nai L, must satisfy the fellewing conditions: (a) in lorentz trans-
farmoiiona peis-q, ».PQ, mist transform just as psi t.|J , and (b) for psi,
Y , satistylng enuation=2 psi-n, \.Pq, mist satisfy equation=2!,

The role of real wave functions in the theory of particles with spin O
and 1 in this case will be played by the "neutral' wave functions tfor which
val equols psi=N: ¢ = &{)Q; such functions should essentially be em=
rloyed to describe neutral particles,

The components of the psi=Q function, q.lq, in all cases must be found
in the fom of linear trensformed components of the psi-ntar function, q)*,
namely the complex conjugutes to psi, LP o In other words if we use the
degignation

\VQ'Q"P ) (3)

then the transformation Q will possess the following properties:

APy + \P,) =@y » agy, and AXNY ) = Ny (1), (5)

where lamhda=star, 7\*, is the number wnich is complex conjugate to lambda,
N . The transformation possessing the properties (L) and (5), we shall
call "antilinear",

For the Lorentz transformstion we have —-l-\\i' =3y (6)
(the set of linear transformations S corresponding to all transformations
of the Lorentz group forms the representation of this group). Condition

(a) will be fulfilled if for this transformation we have
PO (Y= (p1)?y
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that ig, if for all § the follewing equality holde:

80 = 08 (7)

Mow let pai, \P , 8atisfy enuation=2, Feplacing in this equatien

ped, § , by -l QLJQ and using enuation=5 we easily see that poi-Q, qJQ,
will satisfy the following enuation:

'QLkQ.l(a/c);ﬂ-f"i&(Ph)\PQ"F‘.'LKkPQ = 0, (8)
Thug in order to fulfil condition (b) it is necessary only to require that
the follewing eouality hold:

oo™ = - 1% tunt 18, 01X+ I*q w0 (k= 0, 1, 2, 3). (9)

3+ Ve note first of all that eauation=7 will hold fer &1l transformaticna
8 of the representation of a proper Lorentz proup, only if this ecuality is
fulfilled for infinitesimel transformations Ijk of this representation; that
ls, it the following equalities hold:

g 10 (33 3, Km0, 1, 2, 3) (10)

Here only tour equations of the six equations=10 will be independent:
eanations for Io2 and 103 will be derived from the remeining equations by
virtue of the interpvosable relations for Ijk. By pasaing to equations=10
from transformations IJk to transformations H°, H*, K", FO, F*, F~ (see
formuls (2, 1) in /71 7) und by using eauation=5, we can rewrite these four

independent equations in the follewing forms:

OH® = HeO (11)
O = H™0 and OH™ = H'Q (12)
OF® = °Q (13)

In order that equation=7 should hold for all transformations $ of the
representation of the full Lorentz group, it is further necessary that the
following equality should be fulfilled:

Or = TQ (1)
(for the determination of T, see section i in /1 7,

-l -
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We nete further thet by virtue of the relation Lk - [E', L‘y (k =1, 2, 3)
(aee formula 3.1 in [1_7 and ea.atione=10, the eanationg=9 for k =1, 7, 3
fallow from the fellowings

AL® + 100 = 0 (26)
Thus we need anly seek an entilinear tranaformation 0 which satisfies the
relations=11, 12, 13, 1, end 15, This problem L& very close in vype to
the problems conaidered in sections L and § in [1_7) ite solution aleo can
be effected in a manner that 18 entirely like thet in the cases indicated.

I, In the space of pol funetions, li, we select as the coordinate vectors
the oame vectors xi=upper=k, lower=p=-tau, E;r , as were used in the work
[17. let s tuke

I )
Q'Ek — ov\-.k Ekl o (26)
PT K pT pf,P'T' pT
then, by virtue of cquation=5 &and the first of the formulas=2.2' in the

work /17, it will follow irom relation-11 that we have:

\ , ! ko=
-iqu’k, == A Pcb . ;
P’T)PT P'::P"'
that ist ,
T 5 K,k

PT,P'T’ "FIP' %FTT’ , (17)

Further, by virtue of the succeeding two formulas -2.2' from [1_7, we can

rewrite equation=12 relutive to

k,k‘ _“d‘ k, k
qP-|,'r-c’ %PT-‘

.|y\ ‘(’\'\3 -gbt'w\ oj 'H\e —&o\\ow\ns +wo E%\r\d'f{ow$ .

— K, k!

k+p)(k=p+1) * LR — p+| =0
NG ple=pd VPR e =

VP ) ™ (e g0, =

-5
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Henee (see the similar eanclueiens in /71_7, on pages 711 and 720) it

fellows that we haver
ek bk

: Kk + .
(FF"‘ ==0 -Tgr' betak , avd CtP’"" = 1/ por, T 3 that /s,
Lrl & (18)

G .
tww'

Let 18 now uce equation=13, By virtue of the first of formulas=2.2" {rom

%k'k, =& X =0

pTT’ k

[1.7, this equation leuds in the following shree relations:

K oo
gp A e 19
il .
* e \
B (7) (. = (201)
L i ¢ ,"" IR , 0 . s
Bk G9) % TT‘-~~1ﬂL; v f - . (20")

Thesa relations indicate (ses ihe perfectly identical conelusion on page

720 of the work /1_7 that

rh ]
k ) B P
q»--’ L & ) . i
‘ , (21)
k o ,..‘L ., ¢ ./’ 1 ?

qQ . ==

Here tau-star T¥ is the repreventation determined by the pair <ko’ -k;f) —
thut is, for tau T determined by the pair (ko, kl); epsilon=kpper=k, é,k)
4y enuals plus or minus one (E(k) = == 1), and is defined by the following
recurrence formulat

e w gDt (117 () (22)

(see formila=5.21 in /1 7; and finally q_ .4 18 an arbitrary complex
number. (Note: In connection with the number nair (k , -k:) here, one cam,
generally speaking introduce in the equation several representations not
cited, which are defined by one and the same pair (ko, -k;). However, in

order not to complicate the formulas, we will here assume therefore that

-f -
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sach nenderived representation ig intreduced in tne equation not more than

onoe, 60 that tau=gtar " 15 uniaue, Combining formulas=17, 18, and 21, we
will finelly havet
Lpl oo
k,k’ - e ‘o () PR
g ' :)—‘ ,|)’ VT’, t i ) < f’ R O (23)

Pt
(tiotet Lqiatlon=23 aseumes a vartienlarly gimple foim in the finite=
K
dimensionel cagetr here epnilon=k !< ) can always be considered equal to
(=1) [kj, and equation=23 ie converted into the followingt

IS , N r’ 4 K

f",kl A"“y / kh-‘“l) }_' b e (23)

'
t

a ,]
Pt 0
*
Hero Lau=star T 1s defined by ‘he poelr (ko, -kl) and conseauently coincides

\ith tau Ty sec Scction i in [17)e

*
Tn as much as we conuider here thnt tau=star T 18 determined uniquely
»
rel. tive to tauT, then we can omit the index tau=star T in the exprecsion

q «x and hencu write it as follows:
-

Q. — (‘ttr) :

“Thus with each representation tau, T, entering in the equation we Juxtapose

the number q(T) for comporisony in order that the numbers q(<) should yield
#*

charge conjugates, it 1is necessary thet for &ll pairs 7,T of "eoupled"

representations the following equation should hold:
ax) = — () Con w ek (27)
T T !

Py virtue of formila=5.32 in the work /17 for equations obteinTed from

the Lagrange function, we represent equation=27 in the tollowing férm:

%
awh = —4® S a(r) [ Cogt AT - (28)

(We nole that a(t) = 8 o sre the coefficlents of an invariant bilinear

“ form).

- -
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6, Thus the operator Q of charge conjugation in &ll cases io determined
by fermilas=16 and 23, wiere the numbers q -~ = q(T) must satisfy con=
aitdon=27 (or, for squations obtained fvem Lhe Lagrenge funotion, q must sali=
sfy conditinn=28). By aselgning arbitrarily the number q( T ) for e certein
teu, T , we can determine q(T') according to formula=27 (or 26) for wll tau=
primes, T', that are coupled with tau, T, In the case of & non=regolving
or nen=decomposing equation we cen conrequently drtermine q( T ) for all teu,
T . In order thut this determinstion should Le unioue eénd not lead to eon=
tredietions (that is, in order that charge conjugates should exist), it is
necessary that we should obtain for it the oripinal velue of q( 7T ) each
time that we should,relstive to the chain of coupled representutions, return
back to the same representation tau, T , with which wo started, From form=
wla=28 it tollews that in the case of equations obtained from the Lagrange
eeuation this condition will be fulfilled if for any closed chain of pair=
wise coupled representations, namely?

i e L= M == T,
the number Cpe’ determining the equation will satisfy the following
condition:

€t

an! Comr wens C gli)g [Cr'me Cmilp! o Gegtni® (1) . (29)

If even for just onc such chain (29) it does not hold true, then this con=-
dition will not be fultilled. Thus charge conjugates will exist only when
condition=-29 is fulfilled.

Tn order thut charge conjugates should be inveriant relative to reflec-
tions (that is, in order that psi=0, \PO, during reflections should trane=-
form in the same way as psi, QJ ), it is further necessary that condition=2l;
(or 2li!)should be fulfilled; thet is, it 1s necessary that we have:

: Cpnl Coqigh v O qm o Cqip! cor C (i

(=2)" (30)

-8-
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or

Gy Oyt wve © im0 Crimt oo Cyadm) = (1™ (30)

(ir the case of helf=integral spin and tranefornation T gatilefying eouation=
25)e

If the representations tau ang teu=dot, T end ’i: ’ entering in the
ennotion cannot ne joined by & chain of coupled representations (that ie,
equation-l, just a# ne cquation inveriant relative to the proper group, is
resolved or decomposed, and ita decomposition is duo only to the preesence
of traisformation T which comnects L8u, “T , with tnu-dot,’% . See puge 718
in [:L_D, \hen sssipning q(T) arbitverily we hove q( 1) necessarily deter-
mined from condition=2l (or, if convenient, 2i'). Here the charge conjugates
(4f they do exist) will cortuinly be alweys invarisnt relstive to reilections.
Fxactly similorly, if teu, T , and tau=star, ~*, cannot be joined by & chain
of coupled representations (non-dacompoaihility of the equation is assured
only by the presence of an inveriant formj see page 723 in [1), then by
agsipning q(T) arbitrerily we must have af %) so determined that the

following condition would be fulfilled

Y« ¢ (that 1s, & = BV, (31)
(in the case where T and ™ can be joined in & chain of coupled re=
presentetions, then condition=31 can turn out to be fulfilled or not ful=

filled; we cannot require that this condition should hold).

7. We note that in squation=29 n cen be odd only in the case E,
according to the clessification given in the work [ 9_7. In particular, to
the examples of equations shown in /[ 9_7, which (i.e. examples) describe
particles with charge of one sign, corresponds one unique representation of
teu, T , which s coupled with itself, obviously in this case charge con=

Jugates do not exist (smecording to equation=27 here it necessary that we .

should have a( T ) = =q(T ).

T

-9-
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Fer & binomial oleasad chain of eoupled reuresenteiions, namely
TEE T =T

condition=29 will elways he fuliilled; censequently charge conjugates will
exist for eauations not possessing cles ed cheine of representetiong of &
more complex form (pervicularly fer equations of Dirac and Neffine=Kenmar).
It ie elso easy o verify thot in the case of Deffine-Kemnelr enuations oharge
conjuratus will be ipvarient reletive to reflection) in the case of Diruc
enualions, charge conjugeten will be invariant relative to retlections only
When condition=2s is fulfilled (see [2, L7)e

As an example of the applicaiien of lhe above~chtained farmulas to equa=
tions for wuich carlier charge conjugotcs were not considered, let ug con=
str‘&ct here the charge conjuiate for a particle with opin 3/2 (for the cor=-
responding equation see, for example, Section 7 in [1_7). We shall also
solve the more generel problem; relative to equation=l we shall only require

that the "chain scheme" for 1t should have the form:
1T 2
RN
1 2

where 1* = 1 end o* = 2, The matrix of numbers ¢ -t/ here cen be reduced,

depending iipen the form of the inverient formula, to one of the following:

(a) [0 & B o or () [0 s O
x o o P x 0 o [3
R oo -Bo oy
o Byo o-pYy

where alpha end gamma ( X, 7Y ) are real and beta, ,3 , is resl positive
(see pages 729, 730 in [ 1.7. Condition-29 obviously will ve fulfilled in
both cases so that charge conjugates will exist here, Setting q(l) = q,
we will obtein according to formila=27 for the remaining tau, T , the fol=-
lowing relations:

(&) a(x) = q, ad) = =q, a(3) = =a, a(3) = s

() a(1) =, a(l) = =g, a(3) = o, a(3) = =

- 10 =
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Transformetion O is eompletely determined in the seme manner., Ae in the
case of Dirac's equation, the transformation turne out to be inverlant re=-
lative to reflections only when condition=28 is fulfilled; if we assume more=
over that q(1) = 1, then condition=31 aleo will be fuliilled.

In conclusion let us dedice the "chain scheme" thut determines the finite=
dimenaionel relativistically inveriant eauation for which chaerge conjugates

cannot exist., The following, for exanple, will Le such & schemes

that

In orderhgharge {nvariance should exist here, we must require that the numbers

CTTJ, should satisfy the following relations:

C12%59%3, % %% 3¢52°21
where

SR SR T TRRICE  SHNCE & 2L
In the opposite case charge conjugates will not exiat.

Submitted 25 June 19L8.
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I, M, Gel'fand and A. M. Yaglom, 4hETF, Vol 18, No, 12 (Dec 1948),
ppe 1096=1104, (Note: [9_7 is an article appearing in the same iasue

as the above articlej in tact [9_7 immediately precedss the one just
plven herg.
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