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A THROKY OF THE PROPACATION OF ELECTROMAGNETTC WAVES IN A MAGNETT CALLY
ACTIVE MEDIUM

V. T Ginzburg

The artlcle is devoted to development of a theory of the pro~
pagation of electromagnetic waves in a magne tically active medium
(in the ionosphere with afhsideration of the effect of the earth's
magnetic field), An approximate solution is performed for the equa-
tions of propagation in the region of reflection of a wave from a
layer and at’ the beginning of a layer, ;gggé geometrical optics is
not applicable.‘ The effect of "tripling" of signals is considered
in an approximation which holds for small angles between the magnetic
field and the direction of propagation. The problem of the 522§§f}‘
field is clarified, and by means offz‘kinetic—equation method an ex-
pression is obtained for the effective number of collisions, taking

into consideration the presence of the magnetic field.

1, A general consideration of the problem of the propagation
of electromagnetic waves in a magnetically active medium (in the
ionosphere with consideration of the effect of the earth's magnetic
field) has been made by us earlier (l)(reference (1) is henceforth
cited as I). With normal incidence of a wave on a layer whose pro-
perties depend only on height (coordinate x), the electromagnetic

field of the wave is subject to the equations (See T, (Ll)=(16):

(dzg)f/féxi) + (W) (4 Ey#-/’é’Ez);O
(1)

(APE, Jdx?) + (@) (-1CEy+8E,)=0
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where 2
A= U= Cl- V) uy Cos* 4 B = ul/-v)=(1-v)*
-— \/ 1% ) - —— )
U= (FV)-u/eol™’ = U= v eu P
o = woura v(1-v)
s U=(1-V) -l 3K
%ﬂaﬂ,@=ewm,wu%&4ﬂﬁmw@”

The earth's magnetlc field H ©) 5 assumed to 1

ig in the
plane Xz and to form with the direction of propagation == the X

amgv‘ar : \
axis -- the angle do. In (L)=(2) &) is the everimnl- veloolty

of the wave and N(x) is the concentration of electrons in the layers

Tn the approximate geometrical optics considered in I, the

solution(of equation (1) is as follows:

o _ p(oP , —
Ey2® Bz ef (::Ow/c)sh.,zdvf}—- o
(eonsTNF0=R? ) exp s (wfe) §oy244],

)

(0

2 E';l,?—"RbZ yjbzu
where 1y 5 is the solution of the equation
b

A-n* G
—_1 (1 ES - n*

—
—

and thus

hl = |- ZVU*V)
|, % 2(-V)-usin™ T NuZsindd+4du(

1-V) o8

Purther

g

Fz: = | CL _ /\ - V\sz

2 B, TTC
L

9 & (1=v)cos

(Le2)
W Sih s FNUZsinfL+ 40 Q- VoS

The indexes 1 and 2, which correspond to the upper and lower

signs in front of the root in (L.1) and (L.2), characterize the type
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0!‘&""""’7 g,\:#dw‘/lhdfy "
of wave, l.e., an! compammtimml '(dindex 2) or an 'uneenvembtormed (index

1) wave, Solution (3) rigorously satisfies the equations:

(A‘\'\2> Eg,?)-ir \'QE?:O)‘ =-(CEC;)+(5-+«\?-) E‘:’ =0):

£ . (00
aLMg + (dm/o:‘y ._Q]d_Réd(f 5720,

y
(5)
AE (0,0) . dW/&{Y dﬁ/dj EZ.CO’OLO

¥ 2 R(I-RY)
Without giving more detailed attention to the conditions of applic-
ability of the approximation of geometrical optics (see I), we shall
note here only that in the case of a smooth lonosphere layer(liz),

this approximation is inapplicable only when the inéquality

E(X/Q‘ﬂ‘) :(C/(U_)Jis not observed:
(3/a) |(dn, 2 /Ax YT, [«

and when v< 0, i.e., at the very beginning of the layer.

The inequality (6) is not observed in the region of reflec-
tion of the waves from the layer, where the index of refraction nl’2
is small and, in particular, when it is equal to gzero. Ordinarily
in such cases non-observance of the condition of applicability of

: O, ins -
geometrical optics [condition (6] to one of the waves (“oe‘{l’;;er;gd.e:{-

extraordindr) Soes me & pagan. 147" Aoes nal apply %
22" or "um orrtieral!) invelves—vieotatiom-of this condition fes
the wave of the other type. However, when A-» 0, geometrical op-

tics is simultaneously inapplicable to waves of both types, and the

Utripling" effect occurs (see I).

In cases where geometrical optics is not applicable it is
necessary to find a rigorous or correct approximate solution of

system (1), which hitherto has not been done and to which the pre-
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gent artlcle 18 gssentially devoted, In Paragraphs 2 and 3 investi-

gation is made of the solution in the resion of reflection of a wave

from a layer, In Paragraph L brief consideration is given to the

solution at the beginning of the layer (the region v ->0), Paragraph

5 is devoted to the typipling" effect. Tn Paragraph 6 the discusslon
e:fﬁ:cﬁ'u

o,
involves problems of the siethwe field and the effective number of col=

1isions in the ilonosphere in the presence of a magnetic field.

2, In the absence of a magetic field, when u = 0, equation
(1) assumes the form:

(A*Eyz Jdx)+ (@5e)ns Eyz = O,

n%,=np =1-V= t—(4:re’~l\l(><)/mw‘) (7)

—

With the exception of frequencies very close to the critical fre-
quency, the layer in the region of rafl}ection, where geometrical op=
tics is inapplicable, may be replaced by a linear form (2’3), 1e€uy
it may be assumed that v = aXe Tn this case the change in phase of
the wave as the result of its passage into the layer and reflection

(2,1,

from it is equal to

x(1=0) o
_ 2@ 2L
== ) ndx 2 (8)

The solution of equation (7) for a linear layer is expressed by the
A!I‘)I .
Epri integral or in Bessel functions of the order *1/3 (2’LL).

In the presence of a magnetic field the equations of (1) re-
duce to an equation of the type of (7) in two particular cases ==
with longitudinal (of =0) and transverse &) =1TZ) propagation ==

when -17-_ -1
- == (y-14V) /-1
A:O'_hi‘?_:[\ic-—\ v(FU ) )A B ( / ;

L : ,
C= bt”\//(u—l)) RW_::&\; (9)
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=A== (-W/1-u-V)] C=0 B =0,

e , (20)
- mo —— B"' ‘_'\/a Qz_-—(_oo

Tn the case of (9) with the variables F, = Ey b iEz’ the sys=
tem o (1) assumes the form:
R

AiFe | WA+ oVE =d2E Ll Ve =
oE T (A£C)Fe=G7 &l Fﬁg\"—*(ig

With transverse propagation [the case of (10)] we have:

50 (- 120) =0

d"LE‘E -0. (12)
T ~ & “(1-v
37

We see that in both cases the varlableg/\separaéﬁ/v and the
system of (1) actually reduces to [two equations of type (7). Hence
it follows that with & =0 and e&:% for the phase @ , and also
for the field itself, there occur results which are correct in the
in the absence of a field, of course, with the substitution of nl’2
for n (i.e., for example, for (p formula (8) is correct with

= ny 2). For the equations of (11) and the second of the equations
3

cal
(12) this assertion is obvious, since they are identifisd with (7

in the sense that v enters into them linearly. Into the [irst of the
equations of (12) v enters in more complex fashion, and therefore,
even for a linear layer

v =ax +b (13)

and n:zL is a non-linear function of x, However, for correctness of
formila (8) and of the entire solution for the linear layer it is
merely necessary that ni may be replaced by a linear expression only
in the region where geometrical optics is inapplicable (2-&). Selec-

2
ting the origin of the coordinates at the point ny = 0 (assuming that
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w 1), we lets
' H
valeu® +ag,

Then, on conditlon that

lax/(2 = w)|& 1, (15)

nf: ¥ -2ax/(1 - u%') (16)

and the lirst equation of (12) reduces to (7) with ng as a linear

function of x,

Application of the condition of (6) to (16) shows that geomete-
rical optics is applicable if
173 2\
1w HE 0\
A2\ ®a  27= (a7

Thus, it the conditions of (15) and (17) are simultaneously fule
filled, then formula (8) and the others are correct also as applied

to the first equation of (12), For the F-layer, for example, av*10~6 .
- J.o'7,>\ Y 64103 and when 1 - u‘%'wl, condition (15) denotes that
x& 10° - 107, and condition (17) that x7710u, iees, both inequalities

are completely compatible,

3+ The breaking down of the equations of (1) into two indepen-

dent equations of the second order takes place .only in the two indic-

ated instances, { = 0 and o =?75 s typified by the fact that in their

case the wave-shape is not a function of x (i,e., R = const), In
general then, R = R(x), the equations do not break down, and may be

reduced only to one equation of the fourth order for E or E, i,e,,
¥ 2

they are extremely complex, Therefore, it is expedient here to resort

IA-RDP82-00039R0002001 00034-2
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to an approximate solution. With the excepticn of the i pling!!
replon, which lies tor small values of o{ in the reglon of reflec-
tlon of the waves from the layer, geometrical optlcs Ls inapplicable
only for a wave of tho one type, and is applicable for & wave of the
second type, Ihis obviously ties in with the fact that a wave of type
2 is reflected near the point n22 = 0 (Lieey Vpy ® 1), end a wave of

2
type 1 is reflected at one of the points ni =0 (Leev, Vg = 1 tuR),

Therefore, in the region of Peflection the waves of both types are
independent to a good approximation (see I for more details), and it

may be expecﬁed that each of the waves is approximately subject to

an equation of type (1) with ni » substituted for ng just as takes
)

place in the cases of (9) and (10). This assumption proves to be
correct,

C‘,/muﬂe.
If we w to the variables

(18)

then the equations of (1) assume the form (Rt = dR/dx, R" = a%r/dx?) .

om_g_;_aaf;:df_c_o. Ab C—Z—@'}F*(Q\ } Bt

In® R dx

< 3 R\ B
% + (é)z -B-—E‘ LQ E l)}ﬁ_{_ > 2Q F:f :0.
(19)

Taking into consideration that by virtue of (2) and (L)
B iC B - A iC(RZ +1
L0 1) - o = g -2 Lo, (20

7
and evaluating the order of the individual m@;bisi; of the equation:

(19), it is natural to seek a solution. of this system in the form:
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Fy o= FS,-O) + F‘gl)» ‘F&l)\«\ F(«,-O)\

and the values of F(,O) satisfy the equations:
R SRl W, Qx| £
d_++._._.n(:' +ch.C'-"""‘F_ =Q, _
"R Tax TR (22)

i (©) __‘ .
E Adbe —0‘—)— C._E—-é— 0)=O‘

2 dx [

It is easy to ke 'uw.“ 0d—oF W that in the approxi=

mation of geometrical optics the solutions of the systems of (19)
and (20) coincide, as indeed must be the case, with the results
given in Paragrap.h 1 (in this approximation r, = 2F‘z = 2REy and
r_=0).

Making use of (20) = (22), we obtain from (19) the equation
b el m:na'f"»g :
for Er 1 e{a}xﬁmp In these equations and in the equations ot (22)

B espeeTivel
I'(l) and F_ (0) c,gé;et»fféé;&rﬂf“f after simple transformations, we

obtain ) L0)
bt d- F_‘(o ZQI duF + m{ WLF_'_

Q(Q ) Ax

) .
OL’LF_f. ZQ d,Fm *z_
axr  RR™=N Ve ci

2R AE_ (Q+\>FM
TRRE) dx  C* REl

—N

If the condition (21) is fulfilled, then the approximate
solution of the problem has the form F&O) and is obtained from the

equations of (22) or (23).

Tn order to proceed further, the behavior of the functions
1
) . . . ~ -1k uE i ~
R:L,Z near the points of reflection Vo, = 1 and V1ot 1 £ u? is es

sential ('Rl corresponds to seroetien—et the lower sign for the root

in (L) and R2 to cotecien—es the upper signj We note also that
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RE = l/Rl). With preclsion up to terms of the first order in

(v = vgg) and (v = VlOfc) we have! B L
. (VElewt) =2 L cossr [L5IN* coswyut (I+eos ™ (V=17 U );
R (VEI) - s g_@.> - L Sin% sk A\/) .
A*R » ¢ \ ,)f LUV cosk N dr N W [+Cos™) "‘vn;(e
AN . L3Inxcoss /d*y . 2 stk cos 4 (H3cos'x tlosht)
Ax?->v‘ot W= (1+Cosd) <I>Z’l>\,m T {1+ G053 )3
Let us consider the propagation of a wave of type I in the

% -
reglon of points V., = 1 & n®; in this case we must let everywhere

n? = ni and R = Rl"i./n (19)=(2L) (for a wave of type 2 it is necessary

to let n® = ni and K = R2 in these equations, but this case lacks
interest, since for wave 2 here, if the angle o is not too small,

the approximation of geome trical optics is applicable).

Butb in (23), sething
FErO) = GSO)Rl/’\/l - ¥ (26)

flor Gio) we obtain:

erecr—

AX®

2 Co) - 2- / % Q‘/ o
+ (.U 2 Q 2 (R‘z — ) ( ).—
—{-{ N +(3 I ) l"—-l)}G*‘ ‘O (27)

@

2R —1)? RR
This is an equation of type (7) and differs from the latter by simple
replacement of ni by n:2L and in members containing E. These members
are of the order (dv/dx)?, and (c12v/d_x2)V , i.e., under normal con-
10 10
.
ditions V7 lO"lz-lO"lh”(v vhaxn 10"6-10 7x; see Paragraph 2)e Simul=
rA I pOO -
taneously @ /c2 V‘lO"{’, and consequently the members with R are aasf/g
5nT 5 g -
gerekel only when nl\{ulO“ -10~7, while to the [irst maximum of the

(2;3))=

field intensity corresponds the value (see

n%%%<ﬁ ' )Vi{MLyi“'OJT

I7 dnx) T Vdx T
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'ﬁ'rm.a‘ comrmf«g Fod can.ra.r
% R is infindtesimal wm

Zimere the coefficient
‘ (0> aﬁmurma.ﬂm ‘
of G changes [to zero (wo assume for purposes of Spibepbetion that
n1 u\ ax) ) and to an infinitesimal change A@ i 3.0"6 in the phase
Q . Thus in the neighborhood of the point of reflection the solu~
tion of the equations of propagation reduces to equation (7) with a
natural substitution of ni for ng and appearance of the amp}i'tude
Factor B/NL = R (see (26)), whose presence is s&EEL evideﬁg:;;l the
approximation of geometrical optics (see (3)). It is, of course,
true that this conclusion is valid only if condition (21) is observed

i,e., if the values of bﬁo)are actually an approximate solution for

the system o (19).

The solution of equation (2l) has the form:

O _ - R -P(x) Fo /2
F+ - o {F:(Qél) (R~ M’" M(e&)

where Fo is the solution of the same homogeneous equation, According

to (22):
K0) _ (c2/e? ) /a0(r - P@O/am);  (29)

in the neighborhood of the points vyns = 1 * y#, C does not approach
5
zero and Ry approached neither zero nor infinity (see (25)). In

L

this case the main meseer in f(x) is less than

(e )FL M<O\V/dx>\/(oid FOU K (AV/dx)y, (?m/k) 2
Cﬂ'du‘fgmf”

where for simplicity mudiwdiess containing u and sin2 K, which

are/g/enerally spe&ki-ﬁg%f the order of unity, have been omitted.

As a matter of fact, in the approximation of geométrical op-

w(/y
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optics (dzl"_(_")/dxz) - (({)Z'/cz)nab‘io) = (O)/c)nil\‘iO), and in the
reglon ni % 0 the deviation from the approximation of geometrical

optics is of the order of the fleld magnitude itself,l.e.,

(G EoY Axe) - (@A) nTFD o (Wiesnt (]2 P () FE

(see the solutions in (2",")3 further, d.F(o)/dx - ( Zﬂ/}\-)n F‘(O)<

( (Zﬂ/)L )Fio), whence expressicn (30)-is derived, Mﬁ.r” ‘ﬁ

value of f£(x) from (30) inwe (28) it may be seen that

MO (av/an), =m0, (31)
104

In the region (which is interesting to us) around the point

1'1:2L = 9 dv/dx)x *~ ax<{1, and thus the solution of FSIO) is a good
approximation, the more so ih that actually in (31) the s:u;n(( may

be substituted for the sign <

For a wave of type 2 in the neighborhood of the point of re-
Tlection vpg = 1, where ng = 0, on the other hand, the approximation
which has been made is not valid, Actually, as follows from (2) and
(25), in the neighborhood of this point C\» (1 - v), and sz 1AL - v),
in (29) Fio) VA (L - v)'ldFﬂ_O)/dx and ih f£(x) the principal remEgr 72rm-

~ (1 - v)'BFSLO). Therefore, condition (21) is not fulfilled and
the entire approximation is invalid,. and therefore special attention

~,

must be given to the region v 1.
In this region we shall let

=1+ax, axd& 1l (32)

“ e

. ) ‘i ; . f S /‘&4172}"“&2/!,‘0! Ag(ﬂf dr e,
Then with a precision extending to W}gﬁmﬁﬁwﬁm

ness the system sf (1) assumes the form:
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CDS @ AX _ (33)
U S\n"a() E\f u’= sin*« EE ‘O)

(3L)

capaiax g - 2 Ea} =0
UL sin? \
Marther,
L 2 ”
= =iufsin“e( /ax cos X o
(35)

and on condition that

n% = =ax/ 5:‘1.1'1294

With the approximation of geometrical optics

= cosd\/\l%sineoﬂl« 1,
|1/Ry) = lax o

O)/Eé_o) =Ry ) L

ests the use of the approximation

fact sugg

e
-:Ez +LZ H Ey v

) (R

where

©) 2 (o)
&ZE% (,OL&X E(O)_ A E

x> Crsin™ 2T Tk

ror BLL) :
For Ey,z we have

- AL s»ﬂ L()
T —z sin®
dor c* “
o > ok E =0 (Lo)
?"— ___.._—_ —' .
d_l—E—i +'LLE)1 __‘C/IO;“;;IO\%E Cr Sintdk

o
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The solution of gquati.on (39) is as follove:
M . .
Ey = EyOS{L-.W g-?(%)Ejodx} dy B

where Eyg is the solution of the homogeneous equation (39), For
evaluation of the magnitude of (L1) we may let By = etfwx/ °,
taking into consideration further that n% (él and that therefore

the dependency of E(zo) on x 18 considerably less pronéunced than for
Eyo, we have:

E:(fl)v« i(a-cosx/u’la'sinzoc Y% + ?,a:(c/(.-) ))Eg()). (42)

With the condition of (36) and, strictly speaking, if this
condition is yalid also for X% A, the second snequality of (37)
is derived from (L2) the fiprst of these inequalities follows from
the second and from equation (L), Thus, with the conditions of

. et wyed | .
(32) and (36) satisfied, the approximation i eerewd .S valid.
Let us note that in the case being analyzed the applicability of the

approximation of geome“orical optics, as follows from (6) and (39),

is equivalent to observance of the inequality;

/
L Coamsintefal] )

For example, when av 10'6, A /2—7 L~ 10° and 45\ sindwncosE Y 1,
the conditions of (32) and (36) denote that x<< 106, and the condi-
tion of (L3) denotes that x>> lOu. Tn this instance the approyd.mation
which has been selected is valid up to the region where geometrical
optics become applicable. For small values of oK the situation gets
worse, but even when sino(vw(\’*l/lo, the conditions of (36) and (L3)

are as follows: x>> 104 and x» 2.103, With values of o€ as small
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and smaller than this our approximation camnot be valid due to the

ripling effect (see Paragraph 5).

The equation @f (38) has the form of equatlon (7) with n

2

2
2

substituted for ny, and thus the formula of ¢8) and the other re-

can b exTended

4
sul.ts ob'be.in%b_h for the Lsotropic problem are—ecemsimd=ower to the

solution being considered,

When the frequency nears the critical value,ﬁmf- the

(besen 75 4 ene?ra?e )

waves throﬁ"éﬁ the layer “pewsme; as has been pointed out in (233), if

(.”:9:1 € G

the -coetfioboni-es transmismima D1, then

X2
D= exp{— (20LE) Simdx )
X

(Lh)

where the integration is performed between the points xl and x2, at

which n?‘ = 0,

" We note that in (2,3) the formula (lLL) is given as approxi=

mate, with anpm

. acgurdcy ) .
however, be shown that«with anprmm%p to members of a higher
i

accupracy eqval J5 That of Fee. CoorsTAT 10

i af '# -

qagpponen 14

iefy 1t may,

exact
order of smallness (the order D°), themet:/Tormula (L)) is —prcéi?e;

Without giving more detailed attention to this problem, we note that

in the presence of a magnetic field the expression (LL) is equally

valid, it being true of course that ln\ = ]nl 24.
3

e d?/
Let-id, also e noted that generalization of all the results

obtained for the case where there is absorption, which has not been

taken into consideration above, may be performed without difficulty

(3)'

just as for an isotropic medium
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lye Geometrical optics 1s also inappliéable at the beglnning
of the layer, where vep Qo In this reglon the polarization of hoth
waves, which 1s obtained according to (L), is generally speaking
entirely different (see below); simultaneously, with very slight

ani.sotropy, propagation of the waves should w%m pro=
pagation in an isotropic medium, which does ne@'ﬁgégw in the approxi=
mation of geometrical optics (for more details, see (5)). The con~
gition of applicability of geometrical optics in a medium with slight
anisotropy is as ;E‘ollowsa:‘ where a is a parameter which characterizes
the properties of the medium &8 3 funetion of x (for example, the

coefficient in the expression v = ax), and An is the difference in

indices of refraction of waves of different types.

With a small value of v, with a precision up to members of

the first order, we have:
A=1l+[v/w=-1)],B=21+[v-u sin? o )/(u - 1)1,

C = [u%cosoc ov/(u = 1)13

i
n% 5 = 1= {ZV/[Z - sin®& * (uzsinuoc + L cos? & )?]
3

1
(u2sinha<l + Lu coszoc.)2 .
1 -u ’

Ans=mny -1 =

R] (V‘ = O) = -i 2 ﬁ COS£ 1
,2 u sinfel F (vlsinteC + lu costek )2

Letting v = ax, where X 1s measured from the beginning of the

layer, we obtain from (L5) and (L6) the condition of applicability

of geometrical optics in the form

¥ axjzran«l (45)
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where for simpliclty 1t is assumed that u = iV‘ 1.

The condition ®f (L7) is also obtained from one of the cxl-
teria of the applicabllity of geometrical optics given‘in T (see I

(33.3)), specifically, from the condition

PN R TRR!
277 (O T B Ry S

It is easy to see that the inequality (L7) is retained also
ror a function of the type v = ax® or v = ax3, The formulas of (L6)

are valid if

v <& | (u - 1)/ (u cos2A - 1) ] vK1 (L8)

Tn this case we proceed from equation (1), using the values

of (L6) as A, B, and C. An approximate solution of this system may

ok Tiined. )
be aehie if we take as the zero approximation either a solution

of the type E;O; = constteii‘a X/C, or a solution based on the ap-
3

proximation of geometrical optics. Passing over the calculations,

we shall only indicate their result for the case where v = ax (for

a function of the type v = a:«:k, where k is not too large, the same
Far 3 éjﬂ YOIy
result is obtained), Corrections o the zer Y leC., the ratio
S pvees . o
of fiemwews of the first a?rommatlon to the zero one, are of the

(T2 /a8

W@der the conditions

order of ax and 23Téx277':« 3
of the %@%&g much less than unity. Actually, when a ™
1076 - 1077 and A2TT v 103, 23T a2/ N 1079 - 1071025 den,
when x W lOLL, 23T axé/A WV 0,1-0,01 4L 1 and 7\/2 X 01K L

From this it follows that the correctionto the phase and the ratio

Decl P ; L ‘ i i
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of amplitudes Ez/Ey is mueh less than unity and thus the phase and,

most important, the polarization of the waves reflected from the

mednT .
ionosphere (the F-layer 1s W), are obtained to a good

approximation by application of geometrical optics from the very he~
ginning of the layer without consideration -of the region where the
condition (47) is not fwlfilled and geometrical optics ig inapplic=
able, Thisresult is \%jﬁy the I‘acf:r that we are interested
in the phase which is essentially determined by the value n2 a 1
the difference in phases, deternined by the value A n& 1, is
obtained incorrectly from the approsximation of geometrical optics,
but this difference itself is of the order of ogtaxt/ A K1 and is

not essential to our problem,

5, With sma.li values of the angle A there should occur the
wiripling" effect, mentioned and qualitatively discussed in I and
consisting of partial reflection of a wzive of type 2 from the point

) B ﬂzﬂc?{aﬁam J. s

Voo = 1 and partial T 5T it upwards in the form of a wave
of type 1 with reflection at the point Vigs = 1+ u%. As a result,
under these conditions, if u {1 and the frequencies are below the
critical values, rei‘lec@ed signals reach the earth from all three
points vl,Z,Oi ("ripling") instead of the usual two reflected sig-
nals (from the points Yoo and le)‘ More precisely, there should
take place not tgripling" but tpultiplication", since a signal re-
rlected from the point v10+ will pass tﬁrough the region v= 1 only
partially, and will be in part reflected from it, and then, follow-
ing reflection from the point v10+, will agéin go downward, etcCe

1—
If the coeffiedentof transmisg-f:n“'for the region v 1 is equal to

D=1~-R=1-+= lplz , where lp‘ is the amplitude <ceefficimmrnl

;m.c:.— TSIV s
reflectien, then the intensity of the succesdswmg signals reflected

from the point vlcﬁis obviously equal to D2, D(D - D?), etc.,)'.;u»
4

/5 ‘the earth
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Tn I, Paragraph 3,:6n evaluation of D in the case DK 1 was
made, Here are encountered considerable palculat1011al difficulties,
which will be taken up again at the end of this section. At the
same time, calculation of D in the region of small values of &
where

lol*ar =1 -0,
is effected without difficulty, and we shall give it.

For the zero approximation we shall take the solution I"go)

the equations (11), which is valid for o = O, When

L <,

P, = Ty ifi.Ez = FE;O) . Fgl), ] F&l) ‘«\Fgo)l ,

F,(“ ), as may be shown from (1) and (2), satisi‘géﬁé the equations:

Vi o

d*F (
A %2 ¢t

o r wv (1-u-2V) + AR V(U e +V =1 (o)
& F,

)

=-&

2 (u-n2C=V)

where by virtue of condition (50) sin2 L is set = o(..l and the ex-
acew/ac 2

pansion is performed in (2) with a™ siedup to % .
Further, to make the problem easier and more concrete, wWe
sssume that a non-homogeneous medium occupies the region of values

of v between x = ¥Xj, 80 that

v =1+ ax, —xo$ x £ s axo« 1.

When Bxp > Xy the medium is homogeneous with indices

fraction:

,DeCIassified' '_‘: AL S R S e S
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n a na__/ﬁ al) = u%/(l + u%'),

and in the zero approximation there 1s a wave

F-(-O) = e-%(dn - x/s’

ise., @ wave moving upward of the type of & wave reflected at the

r = T (g 2 = 37 . E 4,
point v, =1 +u (since n® = 0 for v10+), due to the linearity

/i rland™
of the equations, the amplitude of the wave F_(_O) is not %@.,

and is set equal to unity, With all these assumptions, in solving

equation (52), we find for F_(_l):

F_(‘) - Cs e-}wh_ %e + czeﬁ-é,wn__ Xle.
»

' gjeon.
K{\h Xo =In lx\.} S wn. %/c Swn X Bwon. ¥ ,
25N © + K& ‘§ Tedeynx 2% (56)

K= —wme&/zc?-(l-w%) Q.

When x) x ‘there should be only a penetrating wave, and when
o)

+

x<-xo an incident and reflected wave, i.e.,
; 300 ]
x> %t F_= (1 + Ay)e 7 n_x/c;

x <-xo ¢ P = e-?&)n_x/c + Pei@n__ x/c

When x = ixo the field F_ and its first derivative with respect to

x must be continuous, whence:

X

e-%},&)n_x/c
=« 2}(6_) /c) n_x dxe (58)
-Xo

In the approximation being considered the ‘s'olu'bilon does not
2
change in the region x<x0, which is related to the smallness of ‘p‘

and conforms to the law of conservation of energy, The eemffimimmd

of refle ct%?c
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| P\ o [ @B s melo(l + AT Y 2 (a/dx)yay) X

X 4T+ 2812 n _ xo/c)} s

- s
where g‘l t =—5’C Isn‘.nt at —- the (6ine)integral Ad it ls teen

ameto considerSSion that
a = (4TCe?/med®) (dN/dx) 0
inasmuch as v = (LTe2/mw3 N(x) = (LTed/m w"){N(v = 1) + (dN/doc)v=1x} .

; Jrgvmwm-j: ~
Since for large values of the ieeeprmdwmrtmwariznle si & '= -coS %%

and when T = 0, _;i't = g0 = - /2, then P = O when X, = 0, and for
large values of 2(GJ /c)n _ x, the coefficient |P‘ is a maximum and

equal to

\)P % - 0.82'10-20 wa uj/hvcz
fibx Y
(1 + uB) ¥ 2(aN/ax),,

When x, ¢V 105, 2(¢d Je)n _ x,/c 102 (for AW 6+10°) and for
aw1o™t - 10"7, on the one hand, the condition of (53) is fulfilled,
and. on the other hand: PMAxt — ‘ PIV‘ ‘PMAXVZ(&)/C)Y]_‘KO"'IPHAKVIOO,
Thus, in practice, in the majority of cases !P‘ \"‘PMA)J o Vhen
w3, @ =20y = 1.78:107 and 1Py el =828 u(z/(dN/dx)v=1’VlO2 A%
for dN/dx~ 0,1 (this corresponds to anN10-6), Condition (L9) de-
notes that formula (60) is applicable ,i;ﬁ,%‘i&'« 1072, i.e., in
practice while £ < 2-3 degrees. In order of magnitude ’PMAJNIL
when &€ W 5 degrees and thus the “'briplirig" effect comes into play

in the region of ~ 5 degrees from the magnetic poles, However,

with the entirely possible, particularly sporadic, value dN/dx ~ 1

ga‘w""q,

this region may reach 10-20 degrees, i.e., may be compbedpy acces-
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gsible for observations,

In another boundary case, when
N2
Dala 1017,

the‘problam may be solved 1f we seleclt as the zero approximation

a standing wave of type 2 which is completely reflected in the region
&bw the polnt Y00 The cor'r;aspondn.ng solution may at once be ob-
tained in % ;?L*'orm on the basis of the results of Paragraph 3 [see
Paragraph 3, beginning with (32)_7 and of the solutions for the iso-
tropic case (B’M. In order to obtain the coefficient D it is most

simple to use Ritz's method here, as was done in I, but with a cer-

tain simplification., ©Specifically, as the original solution we take:

E + di s (62)
V22 V251

where Ey’ 2,2 is a standing wave of type 2, Ey 2,1 is a wave of type ;

L
val zw:/-m.‘f/r 7é D«-—/
1 moving upward from the region v & 1, and d is a pl%olcal parameter

(o i v o T b X
-SHoTont—te detemlnmmw In order that the

fan— 'f'
variation of the oiaeana-s;.-ag integral I =\S‘ Ldx oan the upper boundary

. . . become, L
of the region of integration may chamme~te® zero for any variation

of d, it is necessary to choose as the LaGrange function the expres-

L = -2(E'Et% + E'E'™) 4 2 /°)(AE + iCE_)E%/2 +
s(EgE ) (0 /C)(Zz’ 1CE,)E/
2. 5
(0 /c2)(‘13EZ - 1 )E/2 + k. c.

5
The condition of the minimum of I = S Ldx &= determined =¥

d in (62), We shall not give the corresponding salculations, since
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1t proves very difficult to carry them to a numerical result; the
polnt 18 that application of the "pass" method to the integral in
the numerator of the expression for dy, as was done in I in calcuw
oSGt

lating the pre-exponential weetrmiseer, Tuns into the difficulty
that at the point of the pass not only ng = N, but also

[d(n2 - nl)/dx] = @0, CGenerally speaking, this fact should not
affect the expenential multiplier, Pormulas (L6) and (L7) were

DI 74t of tha. conslaats
obtained in I with'a pz@aiz:i:uﬁp up to the /;;Fe”-'-‘glxoonential Rfditer

- L.
pre” ¥ ¥ L 1.06010720 waB » w®[sin® /lan/dx), 11,

Cea7Ea
where B is a meFop¥Er of the order of unity, For the same case

as above when u = 3, ¥ = 17,5 sin? o /(dN/dx)V:l.

When (dN/dx) 1" 0.1, according to this formula D = 0,135
Ve

( P = '\} 1-D%¥0,93) for £ =6 degrees, Comparing this result w ith
CondFET
those given above we see that the pre-exponential

in I,
(L6) = (L7) cannot be large. From this it follows that under normal
conditions when dii/dx ~/0,1 and even when dN/dx ~/0,5, the "ripling"
effect cannot be observed at average latitudes. Iherefore, the
appearance, for example, of three and four signals from the F-layer

(6)

observed in Tomsk (sin2°<‘. o 0.1) evidently cannot be explained (7
1
by reflection of waves from the point Vg4 = 1+ u?, Reflection
from this point (the effect of "tripling" or "multiplication") could
, Qv
have appeared only with gradients of (dN/dx)wl > 1, which of course
must not be excluded. However, for the reason given as well as for
a number of others (8), it seems to us more probable that the triplets

and quadruplets which appear at medium and low latitudes may be ex=

plained by the influence of a sporadic F2~J.ayer (U),

e
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Solutlon of the problem as 1o what tekes place 18 possible
through experimentation as the result of polarization measurements,
since Lin the case of Ml tiplication! only the first signal -- the

. . 2 exTraordinary
sipgnal reflected from the point v10 'm 1= uf ~= is conrendned
in the sense of’ polarization; in the case of a sporadic layer, 1L

a/-q./fn.ar‘[v:
there is a quadruplet,two gignals shonld be and two

exTraordinde
should be 1maewéwﬁ£n(l.

Experimental study of the "tripling" effect, or more precisely
the "multiplication" elfect, which is possible at g:g‘széulati'tudes,
1=em&—'rﬂ:l%m xf\gén:,.} Telo s ﬁ”" Tha. faoe vond”

6, The equations (1) and (2) are valid only in the absence of
absorption, Within the framewﬂork of elementary theory aevemadtne~for
abséi*%m ;‘;mwﬁmﬁawm addi'g":?:n to the equation of motion
of an electron (I, (6)) =f the rﬂe',g\';:a; m My r, where Vo is the ef-

rective mumber of collisions; as & result the equation for r has the

form:

me = - eE -nV3 ¥ - (e/c)[%H(O)

Selecting the z axis as the direction of #(0) and letting E~ Pt

¢
and r e‘ﬂw tffor the current } = 6.6) Pt = "?,(A.) eNr, we obtain
(O‘)H B eH(O)/mc):

b (65)
elNE “Ligy 2N(Ey * 4

- z CIF ANkt 4Ry

O v S I G SN IO

A clear expression for the t ensors of the dielectric constat
th and the conductivity O_‘uh are obtained at once from this, if

o, et doerd,
it 15 beosme—ia—ind that by definition
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¢
. = Ll E
Exrl = Sp\p_-} 4TUAp g
where Spp is Kroneker's symbol and the summation with respect to Z

is performed from 1 to 3 (El = E,, etc, ), Considerat;Lon ol the pro-
pagation of waves in the presence of absorption reduces essentially
to the case of the absence of absorption, since it may be taken into
consideration by simple substitution in all the formulas (see (2))

’ 0
of Etk‘:gtk-t‘qﬂdfnfor iRk .
(5]

In order to find the magnitude of \)3 1t 1s necessary to
use the kinetlc-equation method, which has already been done for

the absence of a field, Here we shall make a brief generalization

of the corresponding results for the case of the presence of a
field., (Tais problem has already beéxm solved at our suggestion by
G, Avak'yanets, and independently by S. Tselishchev, In view of
the fact that their results have not been published and are not
known to us in precise detail, the calculations have been done anew,
and it seems appropriate to give them here.) Representing the dis-
tribution function in the form f = fo(v) + (V/v)fl(v), where V is
the velocity and Ifll«‘ fé, we obtain in l‘l;he usual way ( \> is the

number of collisions for the velocity v):

'afl/dt - (eB/n) © £ /Q v - (e/me)[HE ] + N £, =0,

since [VH] ¢ vf = [Hi‘l](V/v). Letting Q £,/ QD t = }co fl, we find

(the magnetic field H(O) was selected as the z-axis):

_ e(EtlEYRL /ov)

67)
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"

¢ .
The average current density $ 1s aqual to =eN S V(fl-V/v)dVd,Q.,

ON

whence (see

® 2

alle™ du
a"wa' + v (u)
0 o0

x>

fx . ¢ - 862N (Ey £ 4Bv) u)“e"uzdu R

o 3pdm’ (?,C\) + V(u) zéwH )
[}

{ ‘a.s‘,aw.uw:;{ (
where it ig' pecon That :E‘o is the Maxwell distribution with tempera=

1
ture T and u = (m/kT)2v,

The expression for ;5‘: coincides with the one obtained in the
absence of a field, and therelore for L-J>7,\)5 the values of \>5 )
computed when formulas (65) and (68) for gmand :‘Lx - 'L.gé.re made
identical, coincide with what was given in‘(9). The same thing
occurs if

ARHANR AT

md with respect to the component j—-x—.-.zzi'-éz.

the condition of (69) is not met, the values of

y * 4.,? .
' are different, l.2¢ anisotropy of the

effective number of collisions occurs (all values of \)3 are iden-
tical also if \)3 > ), We shall limit ourselves to calculation

of \)3 for the frequency ¢O=CIy only.

With collision with neutral molecules \) (v) = T~ aszv
(a is the radius of a molecule) and, as may easily be shown, for
oA
o + 2 T {,
iy, X TE Y

- 2 By
\)3)CO=CL)H - <3TC/8) T r\\M\[)

b A _ o
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- % el ne
where v = (8kT/TC m)" == the awerane arithmetical\velocity -= and

Nm is the nmumber of molecules per cublc centimeters

With the condition (W 7 \)3, the expresslon \)B.w» v =
a (LT0/3)a%N, T, for the absenr.e oi a field was obtained in (9); this

is also valid for h and M in (68); the ratio 1s

\)3160‘77 \)5 /\)B)wgw\_‘:— 32‘/9‘)—t

I
Dty collision with ions

V(v) =2 ('eh/mzvh)Niv ln{l +[N;2/ 3/(ela/m3vh)]}
b=

and with the condition that ln(2k’l/<=2N /j)>> 1, m:

A wewy 10 2/16) (/KT 1n (2K1/e2Ny 3y, ()

*
and, thus,

/N

3,w= CUH

= 32/3T.

\)a,w»\)

We see that with OJ—-CJH the anisotropy of \)B is rather con=

siderable, and that in (65) it is necessary to use different values
tz, t\g "Jb.ed.g ‘\- + l.‘

of \)3 for m, M and for W‘g% collisions of ions.
When & is close to COH this effect is mwed less considerdbles

generally ;b has no, special practical significance, since for VWY,

"( "é&?; (X%

= = 2? and, what is most important, it is scarcely
possible to determine \) > simul taneously by experimental means for

the same region of the ionosphere for different components. As far

Conyg f-nﬂh-‘tw
as the absolute value of \)3 is concerned, the presence of ‘the mutti-

M#ﬁf«.’f"

e ' i~ 3 dees not W&We due to lack of sufficiently

IS o SV
precise knowledge of the paramsters a, Nl, and T in (71) wikeper-
fowmiag experiments.

o

bz, = g
syhile for the isotropic case and for W—U—-—J{j?ln (A8), with & 7Y

N ons? (270 /3) (e2/61)PN;V 1n (2xz/e2; /3)

- 26 =
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¥
ALl of the mpm obtained in both th;a isotroplc case

and in the absence of & rield are based on the assumption that in
e Tives
the ilonosphere theegcm&ﬂm field B 5 1is equal to the average macro=

scopic fileld

By =B (72)

The question as to the validlty of thisequality has provoked rather
widespread discussion and has already been examined by us in detail
10 7 conclvded. )

( ). Tn the course of 'this,«the-éam-&:'&sé:en was reaehed that we can

have complete confidence in equality (72) only upon observance of

the conditions
/e (0 ~wy) &K L, (73)

We wish to take the opportunity to note here the possibility
of replacing the condition (73) with one incomparably weaker, Con-
dition (73) is obtained in (10) as the result of the requirement of
smallness of the first approximation by comparison with the zero ap-

1
proximation, which gives (see (10) for symbols):

%C 144 Eo = -anei @b

xvheremznl+e( v)e@/ox = -(e)a@/ax )gJ

(10) the conclusion was drawn from this that it is necessary to re-

quire observance of the inequality G(aL ,haX )E Le Eoe} - 01‘51
“&;L|<<’é

the LnequalliﬁNwlnch also reduces 1o (73). However, the character-

istic frequency of vari;tion of %, is just like that of 3’4}/5*
it

i.e., on the order of /7, where v and T are the average values of

velocity and the mwbued distance between the electron and the ions

ar 2 2 82 ,
(the m&n—whic&ﬂ is not.a function of time ° @u_/ bx ‘ﬁb@u /5){:—{: 0;
HALRE

"

=)= )+
see (10)), Therefore E“N (V/Y) E’il and from the condition

\%L ! & Z/D we derive the inequality

-7 -
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ed"’@/dﬁ’"ﬁw e~V & |
O

where Ni is the concentratlion of lons, The presence of & magnetic

rield does not change anything here. Tn order of magnitude T A Ni
1

and ¥ ~ (kT/m)%, and consequently for T v~ 300 degrees Kelvin,

v 107, and the condition & (7.) assumes the form:

(ez/kT)Nil/3 ~ 10‘5Ni1/3<?1 1, (75)

Tnequality (5) is always fylfilled under the conditions of the

ionosphere whence is yielded complete observance of equallity (72)e
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